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Abstract

Many learning problems are described by a risk functional which in turn is defined by a
loss function, and a straightforward and widely-known approach to learn such problems is to
minimize a (modified) empirical version of this risk functional. However, in many cases this
approach suffers from substantial problems such as computational requirements in classification
or robustness concerns in regression. In order to resolve these issues many successful learning
algorithms try to minimize a (modified) empirical risk of a surrogate loss function, instead. Of
course, such a surrogate loss must be “reasonably related” to the original loss function since
otherwise this approach cannot work well. For classification good surrogate loss functions have
been recently identified, and the relationship between the excess classification risk and the
excess risk of these surrogate loss functions has been exactly described. However, beyond the
classification problem little is known on good surrogate loss functions up to now. In this work
we establish a general theory that provides powerful tools for comparing excess risks of different
loss functions. We then apply this theory to several learning problems including (weighted)
classification, regression, density estimation, and density level detection.

1 Introduction

In many machine learning problems the learning goal is described by a loss function and its asso-
ciated risk. A typical example of such a learning problem is binary classification, where a training
set T := ((x1,Y1)s .-, (Tn,yn)) is given and the goal is to predict the label y € YV := {—1,1} for
a new, unseen input sample x € X. Commonly, it is assumed that the samples are drawn in an
i.i.d. fashion from an unknown probability measure P on X x Y. The simplest learning goal is then
to have an almost minimal prediction error on average future data, i.e. to find a function f : X — R
such that

P({(w,y) € X xY :sign f(z) # y})

is as small as possible. It is well-known and obvious that writing L(y,t) := 1 if ysignt < 0 and
L(y,t) := 0 otherwise, the above probability equals the so-called classification risk

Rip(f) = /X L f(@) dPG.)

and consequently, the learning goal is then to find a function f that (approximately) minimizes this
risk. This form of a learning goal appears in many other learning problems, too. Probably the best
known example of such a learning problem is real-valued regression, however there are many other



important learning problems like weighted binary classification, multi-class classification, density
estimation, or density level detection which can also be described by a risk functional.

Having a learning problem of the above form a simple and well-known learning approach is the
empirical risk minimization (ERM) method. Basically, the idea of ERM is to replace the unknown
true risk Ry p(.) by its empirical counterpart based on the training set 7' and minimize this
empirical L-risk over a suitable function class. Though this approach has a lot of theoretical merits,
for classification it typically leads to NP-hard optimization problems (see e.g. [13]), and thus it is
not computationally realizable. One way to resolve this issue is to use a surrogate loss function Lo,
e.g. the hinge loss as in support vector machines, and then to minimize the (perhaps even further
modified) empirical Lo-risk. Let us assume for a moment that such a learning method L learns
the surrogate learning problem defined by the loss Lo, i.e. we know Rr, p(fr) — R}, p, where fr
is the function produced by the learning method £ and R}, p :=inf{f : X — R| f measurable} is
the smallest possible Lo-risk. Then first question which then naturally arise is:

Question 1. Does the convergence Ry, p(fr) — RE%P imply the convergence Ry, p(fr) — RE}P?

If we can find a positive answer to this question we know at least asymptotically that by solving
the surrogate learning problem we actually also solve the learning problem we are interested in,
and in this sense L is a suitable learning approach. However, in many situations we are not only
interested in such an asymptotic relation, but also in a more quantitative statement. This leads to
the second question:

Question 2. Does there ezists an increasing function Y : [0,00) — [0, 00) with Y(0) = 0, which s
continuous in 0 and satisfies

Rep(f) —Rip < Y(Re,p(f) —Ri,p)?

For the binary classification problem both questions have been intensively investigated in recent
years (see e.g. [17, 18, 36, 26, 1]), and for margin-based loss functions Lo, i.e. for loss functions of
the form Lo(y,t) = p(yt), complete answers were established in [1]. However, using a surrogate loss
function is a strategy that is not only interesting for binary classification. Indeed, this approach
also has its benefits in the following learning problems (see Section 3 for a rigorous introduction):

Weighted binary classification. In weighted binary classification the two different types of er-
rors are penalized differently. Consequently, the optimization problem of a simple ERM
approach remains NP-hard to solve, and thus suitable surrogate loss functions are desired for
a computational treatment. Despite the practical importance of this learning problem only
very little is known in view of the above questions (see [19] for a conjecture related to the
above questions).

Regression. The classical loss function for regression problems is the least squares loss. Though
this loss is mathematically rather easy to handle and the corresponding learning algorithms
are often computational feasible, it is well-known that minimizing an empirical risk based on
the least squares loss is a method which is quite sensitive to outliers. Therefore, a number of
more robust surrogate loss functions have been proposed in the last decades (see e.g. [14, 31,
24, 9]). Up to now, the analysis of such regression loss functions is typically conducted in a
maximume-likelihood fashion which relates the loss functions to density models of the marginal
distribution P(Y|z). However, the maximum-likelihood approach requires knowledge about
the marginal distribution which is usually not available and in addition, it does not give
information regarding our two basic questions.



Density level detection. The common performance measure of the density level detection prob-
lem is a risk functional whose loss function is defined in terms of the unknown density (see
e.g. [11, 20, 21, 30]). Consequently, the loss function is unknown and cannot be used to a)
compute a test error, b) build a (modified) ERM approach, and ¢) compare different solu-
tions to the density level detection problem. Therefore, having a reasonable surrogate risk is
essential for dealing with the density level detection problem.

Density estimation. The common performance measures for the density estimation problem are
p-norms of the difference between the unknown density and its estimate. Again, these perfor-
mance measures are risks with respect to a loss function defined by the unknown density, and
consequently, the density estimation problem suffers from the same problems as the density
level detection problem does.

Obviously, the above learning problems are rather different regarding their defining risk functionals,
and in addition, the above list is by now means complete (see e.g. the recent work on multi-class
classification in [35, 29]). In order to systematically investigate our two questions it is therefore
reasonable to establish a general theory first, and then apply this theory to the learning problem
at hand. This is exactly the path we follow in this work. More precisely, we first establish a very
general theory that describes how to relate the excess risks of different loss functions. In order to
demonstrate this power of this theory, we then apply it to the learning problems described above.
Let us briefly summarize our findings:

e Weighted classification. We show that a natural weighting method for margin-based loss
functions allows us to translate the results of [1] to analogous results for weighted classification.
In particular, we give positive answers to Question 1 and 2. Moreover, we show that the
natural weighting method is the only one that allows such positive answers.

e Regression. We first show that the least squares loss is essentially the only loss function
which can be used to find the regression function E(Y |x). For some large classes of symmetric
noise distributions P(Y|z) we then characterize the loss functions of the form La(y,t) = ¢(y—
t) which allow positive answers to the above questions if the target risk is the 1-norm distance
between the regression function E(Y'|.) and its prediction f(.). Here it will turn out that the
convexity and related, stronger notions such as strict convexity and uniform convexity play
a crucial role. Moreover, we show that for unbounded, symmetric, but otherwise unspecified
noise every loss function admitting a positive answer to Question 2 must grow at least as
fast as the squared loss. Consequently, every ERM approach to find the regression function
E(Y|z) either learns the problem only in a weak sense or is sensitive to outliers. Finally, we
discuss in which cases and in which sense approximate risk minimizers fr approximate the
exact risk minimizer.

e Density level detection. It was recently shown in [27] that the density level detection
problem can be solved by learning a binary classification problem, and in fact, the widely
known excess mass approach (see e.g. [11, 20, 21, 30]) implicitly implements ERM of this
classification problem. We extend the considerations of [27] and show that there exists no
surrogate loss function which allows a positive answer to the second question without making
assumptions on the density.

e Density estimation. A well-known heuristic (see e.g. [12, Chap. 14.2.4]) casts the density
estimation problem into a supervised learning problem which is related to the supervised
surrogate for the density level detection problem. However, to our best knowledge, there is



nothing known about this heuristic in view of the above questions. For convex loss functions
we are able to give a weak positive answer to the first question. Furthermore, we present a
result suggesting that the second answer cannot be positively answered.

The rest of this work is organized as follows: In Section 2 we develop the general theory on excess
risks. Section 3 then contains the results for the above learning problems. The proofs of the
results of Section 2 can be found in Section 4. In addition, this section contains a powerful tool
ensuring the existence of measurable selections which is used to deal with the notoriously unpleasant
measurability questions related to minimal risks. Finally, the appendix contains some additional
information on stronger notions of convexity.

2 Definitions and Main Results

In this section we introduce the central definitions and present the main results of our general
theory. In the first subsection general cost functions of a form similar to those considered in [32]
are studied. In particular, the fundamental results that compare excess risks of different cost
functions are established. In the second subsection these results are applied to loss functions of
the form used in the introduction. Finally, in the third subsection we generalize the notion of loss
functions to establish powerful tools for treating more advanced questions on loss functions and
their risks.

2.1 The General Theory

Let us begin with some notations which will be used throughout this work. To this end let X be a
nonempty set equipped with a g-algebra X. Recall that the completion X of X is defined by

X = {A C X : A€ X, for all finite measures ;1 on A’} ,

where X, denotes the completion with respect to the measure y. Furthermore, the measurable
space (X, X) is called complete if ¥ = X. Throughout this work we assume that (X, X) is complete
Moreover, Y always denotes Polish space, i.e. a topological space whose topology can be described
by a complete and separable metric, and we always equip Y with its Borel o-algebra. In particular
recall that all open or closed subsets of R are Polish spaces.

For a probability measure P on X x Y we denote the marginal distribution on X by Px. Fur-
thermore, P(.].) : ¥ x X — [0, 1] stands for a fired regular conditional probability, so that we

have /XxyfdP: /X/Yf(x’y) dP(y|x)dPx (x)

for all measurable functions f : X x Y — [0, 00]. Finally, throughout this subsection .A denotes a
non-empty but otherwise arbitrary set. We begin with some fundamental definitions.

Definition 2.1 (Cost function) A function L : X xY x A — [0, 00] is called a cost function if
L(.,.,a): X XY — [0,00] is measurable for all o € A

Our main research objects will be the risks that are associated to cost functions via a integration
procedure. The following definition introduces such risks:

Definition 2.2 (Risk) Let L: X xY x A — [0,00] be a cost function and P be a distribution on
X xY. We define the L-risk of a« € A by

Rip(a) = /X L a)dP(ay) = /X /Y L(z,y, a)dP(y|z)dPx (z) (1)



Furthermore, the minimal L-risk is denoted by R} p := infoea R p(a).

Using the regular conditional probability P(y|z), the risk Ry, p(c) can be computed by an iterated
integral as we have seen in (1). Since the inner integral in (1) will be of fundamental importance
in our analysis we introduce:

Definition 2.3 (Inner risk) Let L : X xY x.A — [0, 00] be a cost function and Q be a distribution
on Y. We define the inner L-risk of an element o € A by

Cr.oz(a) = /YL(:c,y,a)dQ(:r) r e X.

Furthermore, the minimal inner L-risk is denoted by CE,Q,CE = infaeaCro.(c).

Given a distribution P on X x Y the inner risks C, p( |2) (), z € X, of a can be used to compute
the risk Ry, p(«) since (1) immediately gives

Rir,p(a /CLPlsc @) dPx(z).
Our first goal is to establish the same relation between the minimal inner risks C; P( e X,

Jx),x0
and the minimal risk Rz p- To this end we define:

Definition 2.4 (Minimizable cost functions) Let L : X XY x A — [0,00] be a cost function
and P be a distribution on X X Y. We say that L is P-minimizable if for all € > 0 there exists an
ae € A such that for all x € X we have

CL.P(fo)a(®2) <CL p(jr)a T (2)

Note that the above definition in particular ensures C} Plle)a < O for all z € X. Now we can
establish the following simple but important lemma which computes R*L P

Lemma 2.5 Let P be a distribution on X xY and L : X XY x A — [0,00] be a P-minimizable
cost function. Then x — C} Pllo)e 1s measurable and we have

Rip= /XCZ,P(.|z),x dPx (z).

The above lemma shows that the minimal risk R}, p can be achieved by pointwise minimization
of the inner risks C; Plle)a T € X, which—in general—will be easier to deal with than direct
minimization of Ry, p(.). Moreover, for P-minimizable L with R} p < oo we have

Ri.p(@) = Rip = [ Criina@) = Cip iy dPx(a)

for all & € A. Consequently, we can split the analysis of Ry, p(a) — R} p into a) the analysis of
the inner excess risks Cr, p( |2)o(Q) — C};P(.‘m)@, x € X, and b) the investigation of the integration
with respect to Px. Note, that the benefit of this approach is that the analysis in a) only depends
on P via the conditional distributions P(.|x) and hence we can consider the excess inner risks
Crga(a) — Cf g, for suitable distributions @ on Y as a template for Cr, p( |z)..(c) — CLp(a)e
This leads to the followmg definition:



Definition 2.6 Let Q be a set of distributions on'Y. We say that a distribution P on X XY is of
type Q if P(.|x) € Q forallz € X.

Before we begin with our analysis let us introduce some more notations which will be very useful.
The sets containing the elements in 4 that “almost” minimize the inner risk in = are denoted by

Migu(e) ={a€A:CrLgula) <Clg.+e}, e € [0,00].

For later use we note that we always have My o ,(0) = 0 and My g.(e1) C M ga(e2) for
0 < e; < g < oco. Furthermore we have My, g () # 0 for some ¢ € (0,00] if and only if

7.0.c < 00. In particular, for P-minimizable cost functions the sets My, p(|2).(€), € > 0, v € X,
are non-empty. Finally, the set

MLQx O+ mMLQx()

e>0

contains those elements in A that ezactly minimize Cr, g (.).

Let us now turn to the main goal of this section, namely comparing the excess risks of different
cost functions. To this end we first observe that given two cost functions Lj : X XY x A4 — [0, 00)
and Ly : X XY x A — [0,00) with

MLQ,P(,\x),z(O—F) - MLLP(.@)@(O—F) , reX,

Lemma 2.5 shows that every exact minimizer o7, p € A of Rp,, p(.) is also an exact minimizer
of Rp, .p(.). However, exact minimizers do not necessarily exist, and even if they do exist it is
rather unlikely that we will find them by a learning procedure. On the other hand, many learning
procedures guarantee to find approximate minimizers with high probability, and thus our overall
goal is to establish properties similar to the above observation for approximate minimizers. Let us
begin with the following definition.

Definition 2.7 (Calibration) Let Q be a set of distributions on'Y, and L1 : X XY x A — [0, 00|,
Ly : X XY x A—[0,00] be two cost functions. We say that Lo is Li-calibrated with respect to Q
if for alle >0, Q € Q, and x € X there exists a § > 0 such that Mr, 0 (6) C Mr, 0.(¢), i.e. if
for all o € A we have

Cro@u(@) <Cp,0q+0 = Cri00(a) <Ci oz +e. (3)

Furthermore, we say that Lo is L1-calibrated with respect to a distribution P on X XY if Loy is
L1 -calibrated with respect the set {P(.|z):x € X}.

The above definition says that Lo is Li-calibrated with respect to P if every element @ € A
minimizing Cr, p(|e),2(-) Up to d minimizes Cr,, p(|q)2(-) up to e. Our first main result now shows
that a similar relation then often holds for the risks Ry, p(.) and Rp, p(.).

Theorem 2.8 Let P be a distribution on X XY and L1 : X XY x A — [0,00], Ly : X XY x A —
[0,00] be two P-minimizable cost functions such that Ry, p <00 and Ry, p < co. Furthermore
assume that there exist a function b € L1(Px) and measurable functions (e, ) X — (0,00), € >0,
with

and

CLo.P(J2),2(®) <CT, p(|a) T 0(E: ) = Cry.P(fe)2(@) <CL, p(la)e T € (4)



forallx € X, e >0 and o € A. Then for all € > 0 there exists a § > 0 such that for all « € A we
have
R, p(a) <Ry, p+9 = Ripla) <Ry, p+e. (5)

Note that (5) is equivalent to a positive answer of Question 1, and consequently Theorem 2.8 gives
a sufficient condition for a asymptotic relationship between different excess risks in the sense of this
question. Moreover, Condition (4) implies that Lo is L;-calibrated with respect to P, and in fact,
the only difference between this condition and the calibration with respect to P is the measurability
of §(e,.) which is necessary for technical reasons. However, we will see later in Theorem 2.23 that
for A consisting of functions over X, this measurability is often automatically satisfied. In addition,
Theorem 2.23 shows that in this case the Lj-calibration of Ly is also a necessary condition for (5),
and hence this theorem will give us a complete answer to Question 1.

In order to use Theorem 2.8 the main difficulty is usually to find numbers d(g,2) > 0 with
M, p(|2),2(6(¢,2)) C M, p(|2)2(€), i-e. to ensure the calibration. The following lemma describes
an easy yet optimal solution for this task.

Lemma 2.9 (Calibration function) Let Q be a distribution on Y, and L1 : X XY x A —
[0,00], Ly : X XY x A — [0,00] be two cost functions. Then we define the calibration function
Omax (-, @, ) : [0,00] — [0, 00] of (L1, La) by

S (£, Q, ) 1= nfae My, 0.() CLo@a(@) =Chy 0 i Ciygu < 00 "
o0 zf ng,Q@ = o0
for all € € [0,00]. Then for all € € [0, 00] we have:

i) MLz,Q,x((Smax (6,Q,x)) C ML1,Q,$(5)'
i)  Mr,02(0) € Mr, 0.z(€) whenever § > dmax (€, Q, ).

In addition, if both C}, o, < o0 and C, o, < o0, then for all o € A we have

Omax (CL1.Qa(0) = Ci, 0 @:7) < CryQal®) = CL, Qu- (7)

Note that in some cases we have to distinguish between different calibration functions and hence
we occasionally use the notation dmax,r, 1,(.,@,%) ‘= Omax(., @, ) for the calibration function
6max (., Q, CE) of (Ll, L2)

It turns out that in most practical situations the computation of the calibration function is a
straightforward exercise. In particular, if the surrogate loss is convez!' in the sense of the following
definition then this computation is rather easy as we will see below:

Definition 2.10 A cost function L : X x Y X R — [0,00] is called (strictly) convex if L(x,y,.) :
R — [0, 00] is (strictly) convex for allx € X andy €Y.

As already indicated, the calibration function for convex surrogates can be easily computed. This
is stated in the following result:

Lemma 2.11 Let Q be a distribution on Y, z € X, e >0, and L; : X XY xR — [0,00] be a cost
function such that My, g .(€) is an interval. Moreover, let Ly : X x Y x R — [0,00] be a convex

!Basic definitions and properties regarding convexity can be found in the appendix.



cost function such that Cr, 0(.) : R — [0,00) is continuous. If Mr, 0.(0"7) C M, 0(07) then
we have

max(2, Q. @) = min{ Cry 0.0 (5uD Mu, 0.0(2)), Cra@u(inf Mr, @a(€) | = Chogus  (8)

where Cr, g »(F00) 1= o0.

Let us now investigate Question 2. To this end observe that in some sense inequalities between
the involved excess risks are readily available by Theorem 2.8: indeed, for € > 0 let 6(¢) > 0 be a
real number such that implication (5) holds for all & € A. Furthermore, we define §(0) := 0. For
a € Awith € := Ry, p(a) — R}, p > 0 we then have Ry, p(a) — R}, p > d(¢), or in other words

§(Re,,p(a) =R, p) < Rrypla) —Ri, p. 9)

Furthermore, for a € A with Ry, p(a) — R}, p = 0 this inequality is satisfied by our definition
5(0) = 0, and consequently (9) is satisfied for all & € A. Inverting this inequality then gives a
positive answer to Question 2. However, the proof of Theorem 2.8 does unfortunately not provide
a constructive way to find a value for d(¢), and hence our next aim is to describe conditions on L1,
Lo, and P which will allow us to easily establish inequalities in many situations. To this end we
begin with the following definition.

Definition 2.12 (Fenchel-Legendre biconjugate) Let I C R be either I := [0, B] for some
B >0, or I :=1[0,00). Furthermore, let 6 : I — [0,00] be a function. Then the Fenchel-Legendre
bi-conjugate 6** : I — [0,00] of § is the function defined by

Epid™ = coEpid,

where Epid := {(e,y) € I x[0,00] : 6(¢) < y} denotes the epigraph of 6 and co A denotes the convex
hull of a set A.

Note that the Fenchel-Legendre bi-conjugate 6** which is a well-known tool in convex analysis
(see e.g. [23]), is the largest convex function f satisfying f < §. Moreover, for technical reasons we
use the convention §**(00) := lim._,o, 6**(¢) for functions ¢ : [0, 00) — [0, 00).

Now we are well prepared to establish our first inequalities between excess risks of different cost
functions.

Theorem 2.13 Let P be a distribution on X XY and L1 : X xY x A — [0,00], Ly : X XY x A —
[0, 00| be two P-minimizable cost functions with RI, p <o and R, p < oo. We write

B, = ess -JS;IEJ.E Cth(.‘xm(a) - CZLP(-|1’)7I
for all o € A. Furthermore, let ¢ : [0, 00] — [0, 00] be a function with 6(0) =0 and
M, P(12)2(6(€)) T M, pla)e(€) (10)
for all x € X and all e € [0,00]. Then for all o« € A we have
05 (Re,p(a) = RL, p) <R, p(e) —Ri, p, (11)

where 0% : [0, Ba] — [0,00] denotes the Fenchel-Legendre biconjugate of the restriction )i g,)-



Remark 2.14 If the function § in the above theorem is increasing with d(¢) > 0 for all € > 0 and we have
B, < oo then Lemma A.6 shows that its bi-conjugate satisfies 03" (¢) > 0 for all ¢ € (0, B,]. Moreover,
the bi-conjugate is always convex, and since (5*3’;(0) = 0 it is also strictly increasing and thus injective.
Consequently, if 67" is finite, then it has a continuous inverse, and hence we have found a positive answer to
Question 2. However, in general this is no longer true if B, = oo, as e.g. the case d(¢) = /g, € > 0, shows
(see also [33, Prop. A.5] for conditions guaranteeing §** > 0).

We will see in Theorem 2.18 that Condition (10) is also necessary if one wants to have an inequality between
the two excess risks that is independent of the specific distribution P. Of course, from a machine learning
perspective this independence is a highly desired property since in general the data-generating distribution
P is assumed to be unknown. Finally, we will see in Section 3 that for binary classification the inequalities
established in Theorem 2.13 coincide with the inequalities found in [1]. Since their inequalities are sharp
if one does not make additional assumptions on P, we see that the inequalities of Theorem 2.13 cannot be
improved in general. However, note that under certain conditions on P there are substantial improvements
possible, and we will present examples of such improvements later when dealing with more specific cost
functions.

If the function d in the above theorem satisfies 6(¢) > 0 for all € > 0 then condition (10) is a
uniform version of the notion of calibration. Let us describe this situation in the following definition:

Definition 2.15 (Uniform calibration) Let Q be a set of distributions on'Y, and L1 : X XY x
A —[0,00), Ly : X XY x A — [0,00) be two cost functions. We say that Lo is uniformly L;-
calibrated with respect to Q if for all e > 0 there exists a § > 0 such that My, g .(8) C M, 0.(€)
forall Qe Q andx € X, i.e. if for all Q € Q, x € X, and o € A we have

Cry@ue(a) <Cr, 0. t0 = Crya(a) <Cr, 0. te.

Furthermore, we say that Lo is uniformly L1-calibrated with respect to a distribution P on X XY
if Lo is uniformly Ly -calibrated with respect the set {P(.|z) : z € X}.

Obviously the above definition guarantees that L; is P-minimizable whenever Ly is so. Now
observe that the larger the function § satisfying (10) is, the better inequality (11) becomes. Given
a set Q of distributions on Y let us consequently consider the best possible candidate function,
that is

S (£, Q) 1= Sup{(5 >0: My, 02(0) C Myp,.oue) forallz € X, Q € Q} . eef0,00. (12)

Obviously, Ly is uniformly Lj-calibrated with respect to Q if and only if dpax(e, @) > 0 for all
e > 0. Moreover, given a distribution P on X XY we write dmax (g, P) := Omax(e, {P(.]z) : x € X }).
Assuming that P is of type Q we then have dpax(e, Q) < dmax(€, P) and consequently, the next
lemma shows that the distribution-independent function dyax(., @) can be used in Theorem 2.13.2

Lemma 2.16 Let Q be a set of distributions onY, and L1 : X XY x A — [0,00), Lo : X XY x A —
[0,00) be two cost functions. Then for all x € X and all e > 0 we have

Ms,Q(dmax(e, Q) € Mry @al(e)-

In order to use dmax(., P) or dmax(., Q) in concrete examples we also need a simple method to
calculate these quantities. This is done in the following lemma:

2In Theorem 2.26 we will see that rather natural conditions, using dmax(., @) does not give worse inequalities than
using dmax (g, P).



Lemma 2.17 Let Q be a set of distributions onY, and L1 : X XY x A — [0,00), La : X XY x A —
[0,00) be two cost functions. Then for all e > 0 we have

6max y =i famax s &y .
(e, Q) Jnf) (e, Q, )
zeX

Theorem 2.13 states that for distributions P of type Q we can find inequalities between the
excess risks of uniformly calibrated cost functions. The following theorem shows that the uniform
calibration is also necessary for such inequalities.

Theorem 2.18 Let L; : X xY X A — [0,00) and Ly : X XY x A — [0,00) be cost functions,
and Q be class of distributions on Y with Cj o, <00 and Cj, 5, < oo forallz € X, Q € Q.
Furthermore, let ¢ : [0,00] — [0,00] be an increasing function with §(0) = 0 and §(g) > 0 for all
e > 0. If for all distributions P of type Q satisfying R}, p < 0o and R}, p < 00, and all measurable
a € A we have

§(Rry,p(a) =Ri, p) < Riyp(a) =Ri,p,

then Lo is uniformly Li-calibrated with respect to Q.
It will turn out that in many situations such as regression we also need inequalities between the

excess risks of calibrated cost functions which are not uniformly calibrated. The following theorem
presents a method for dealing with this situation.

Theorem 2.19 Let P be a distribution on X xY and L1 : X XY x A — [0,00), Lo : X XY x A —

[0,00) be P-minimizable cost functions. Assume that there exist p € (0,00], ¢ > %, and a

b: X — [0,00] such that
Omax (g, P(.|x),z) > £b(z), e>0,zeX (13)
and b=' € L,(Px). Then for all a« € A we have

1=

1
Riyp(@) = Riyp < 077, oy (Reap(a) = Ry, p) "

Remark 2.20 The above condition b~' € L,(Px) measures how much the calibration function
Smax (€, P(.|z), z) violates a uniform lower bound of the form dy,ax (e, P(.|2),z) > ce?, € € [0, 00]. Indeed, the
larger we can choose p in Condition (13) the more the shape of b is away from the critical level 0, and thus
the closer Condition (13) is to a uniform lower bound. In the extremal case p = co, Condition (13) actually
becomes a uniform bound, and the inequality of Theorem 2.19 equals the inequality of Theorem 2.13.

2.2 Loss Functions

In the previous subsection we have not specified the hypothesis space A. In this subsection we will
now investigate the important case where this space consists of measurable functions. We begin
with the following fundamental definition:

Definition 2.21 (Loss function) Let 7 be a Polish space. Then a function L : X XY x T —
[0, 00] is called a loss function if it is measurable.

Obviously, every loss function L is a cost function, but in general the converse is not true. More-
over, a loss function L also induces a cost function acting on the space M(X,7) of all measurable
functions f : X — 7. Indeed, for A := M(X,7) the mapping

L:XxYxA — [0,00)
(@9, f) — L(z,y, f(x))

10



is a cost function since (z,y) — L(x,y, f(x)) is measurable for all f € A. Note that the inner risks
of L and L are related by

Croalf) = /Y L(z,y, f(2)) dQ(z) = CLq.(f(2)), (14)

and consequently we have Cz e = C};Q .- In the following we are only interested in the excess

risks of the induced cost function L, and therefore we write in a slight abuse of notations

RL,P(f) = Rﬁp(f)

for measurable functions f : X — 7. Analogously, we define Rip = Rz P Now recall that
all the major results of the previous subsection required that the involved cost functions are P-
minimizable. Having a loss function L we consequently need to ensure that its induced cost function
L is P-minimizable. This is done in the following lemma whose main difficulty is to ensure the
measurability statements.

Theorem 2.22 Let L: X XY xT — [0,00] be a loss function and P be a distribution on X x Y.
Then the following statements are true:

i) L is P-minimizable if and only if C} P(ln)s < O and all x € X.

)

it) If we have ML7P(.|I)@<O+) # 0 for all x € X then there exists a measurable function fip:

X — T with Cp, p(j2).(f] p(2)) =C] p for all x € X, and consequently we have

(fz),x

Rrp(fip)=RLp-

Now recall the the key quantity of the previous section was the calibration function. Since we
are only interested in the excess risks of the cost functions f)l and I:z induced by the loss functions
L1 and L9 we need to calculate the calibration function of (f)l, i)g) To this end assume first that
we have C}, 5, < oo. Then Equation (14) gives

5maX,L1,L2 (57 Qa l’) = tlél']f’ CLQ,Q,:U (t) - CEQ,QJC = 5max,ﬁ17f,2 (57 Qa .%') )

tgML,Q,x(€)

where in the last equality we used that f := ¢ is a measurable function with f(z) = ¢t. Moreover,
if €y, Qx = the above observation is also true, and consequently it suffices to investigate the

calibration function dmax ., 1, (€, @, ) when dealing with the pair (ﬁl, f)g)

We have already seen in Lemma 2.9 that the calibration function satisfies condition (4), however,
in order to use the calibration function in Theorem 2.8 we also need to know that it is measur-
able. The following theorem completely resolves this issue, and in addition it characterizes the
distributions for which implication (5) hold:

Theorem 2.23 Let L1 : X XY x7T — [0,00] and Ly : X x Y x T — [0, 00] be loss functions, and
P be a distribution on X XY such that R}, p < oo and R}, p < oco. Then

x — Omax(g, P(.|x), )
is measurable for all € > 0. Furthermore, if for all € > 0 there exists a 6 > 0 with

RL2’p(f) <'Rz27p—|—5 - 'RLl’p(f) <R*Ll7p+€

for all measurable f : X — T, then we have PX({x € X : Omax(e,2) = O}) =0 for alle > 0.

11



The above theorem shows that the Li-calibration is necessary for Lo being a reasonable surrogate
loss in the sense of Question 1. Consequently, the calibration function will be our major tool when
investigating specific learning problems in Section 3.

2.2.1 Regular Loss Functions

General loss functions can explicitly depend on the input variable x, and hence so do the derived
quantities like the inner risks. However, many important loss functions are actually independent of
x, and since the theory becomes substantially simpler for such losses we now briefly consider them.
Let us begin with the following definition:

Definition 2.24 (Regular loss functions) Let 7 be a Polish space. A function L :' Y x T —
[0, 00] is called a regular loss function if it is measurable.

Formally, regular loss functions are not loss functions, however, it is obvious that every regular
loss function L induces a loss function L via L(x,y,t) := L(y,t). In the following we always identify
L with L. Now note that the inner risk of L is

Croa(t) = /Y Ly, 0)dQ(y)

Le. it is independent of x. Moreover, the same is obviously true for the derived quantities C7 g ..,
My 0.z(€), and therefore we usually use the shorter notations

CLQ(t) = C[-/’Q@(t), CE,Q = CZ,Q,W and ML,Q(6) = ML,Q@(s),

where x € X is an arbitrary element. Furthermore, note that if we have two regular loss functions
then the corresponding calibration function dmax(e, @, z) is independent of z, too, and hence we
analogously write dmax (€, @) := dmax (€, @, ) for some x € X. Finally note that the often imposed
condition Cg Qx <P is also independent of x. This justifies the following definition:

Definition 2.25 Let Q be a class of distributions on'Y and L :Y x T — [0,00) be a regular loss
function. Then we write

Q(L):={QeQ:C o <oo}.

Obviously, all theorems we have formulated for cost or loss functions also hold for regular loss
functions. In particular, for uniformly calibrated regular loss functions Theorem 2.13 can be used
to establish inequalities between the corresponding excess risks. Now note that for distributions
P of type Q we always have 0pax(e, P) < 0max(g, Q), and consequently one may think that using
dmax (€, P) instead of dpax (e, Q) leads to sharper inequalities in Theorem 2.13. The following result
shows that this intuition is usually false if the set Q is suitably chosen.

Theorem 2.26 Let L : Y X T — [0,00], Ly : Y X T — [0, 00| be regular loss functions and Q be a
set of distributions on'Y with @ = Q(L2) = Q(L1). Furthermore assume that there is a distribution
w on X for which there exist mutually disjoint subsets A, C X, n € N, with pu(A,) > 0 for all
n € N. Then there exists a distribution P of type Q with Px = u such that for all € > 0 we have

5max(?f) P) = 5max(€7 Q) . (15)
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2.2.2 Unsupervised Loss Functions

In the previous part of the work we considered loss functions whose inner risks are independent of
x. Formally we can also consider loss functions whose inner risks are independent of (). Before we
motivate such losses let us first make a precise definition:

Definition 2.27 (Unsupervised loss functions) Let T be a Polish space. A function L : X X
T — [0,00] is called an unsupervised loss function if it is measurable.

Like regular loss functions, unsupervised loss functions are not loss functions. However, it is
obvious that every unsupervised loss function L induces a loss function L via L(z,y,t) := L(z,t).
In the following we always identify L with L. Now note that the inner risk of L is

CIZ,Q,z(t) - L(.ZL‘, t) )

i.e. it is independent of (). Moreover, the quantities C}:Q@, M,,Q.(€) obviously share this property.
In the following we hence use the shorthands

Crao(t) :=CLa(t),  Cr,:=Clqu. and Mypu(e) = Mrqa(e),
where @) is an arbitrary distribution. Note that these definitions in particular give

Cla= tiggL(x,t) . (16)
At a first glance it seems rather odd to consider unsupervised loss functions since their associated
(inner) risks Cr, p(|q),2(-) do not depend on the conditional probabilities P(.|z), and hence they
apparently do not define a reasonable learning goal. However, as we will see later, the key idea of
unsupervised loss functions is to encode the dependence of P(.|x) on the first input variable x of L,
so that we actually have the possibility to encode dependencies that are not of the form of an inner
risk. This fact will be particularly important when considering unsupervised learning goals such
as density level detection and density estimation. In addition unsupervised loss functions will also
serve as a technical tool when considering general questions on loss functions in e.g. Subsection 2.3.

In this regard the following class of unsupervised loss functions is of particular interest:

Definition 2.28 (Detection loss functions) Let A C X x 7 be a measurable subset and h :
X — [0,00) be a measurable function. Then we call L : X x T — [0,00) a detection loss function
with respect to (A, h) if

L(z,t) = 14(x,t) h(x), reX,teT.

Every detection loss function is obviously measurable and hence an unsupervised loss function.
In addition, for x € X and t € T our above notations immediately show

0 if A(x) :={t' €T : (x,t') € A} =T

1a(z,t)h(z)  else. (17)

Cra(t) —Cr, = {
Since detection loss functions will play an important role for both supervised and unsupervised
learning scenarios let us now establish some specific results for them. We begin with the following
simple theorem, which directly follows from Theorem 2.8, Theorem 2.22, and Theorem 2.23:

Theorem 2.29 Let Ly : X x T — [0,00) be a detection loss function with respect to some (A, h),
Ly : X XY xT — [0,00] be a loss function, and Q be a class of distributions on Y. Then the
following statements are equivalent:

13



i) Lo is Ly-calibrated with respect to Q.

i) For all distributions P of type Q with h € L1(Px) and R}, p < o0, and all € € (0,00] there
exists a 0 € (0,00] such that for all measurable f : X — R we have

Riop(f) <Rp,p+9 = Rr,p(f) <Rp,p+e.

If Lo is actually uniformly L-calibrated with respect to P, then it is straightforward to establish
inequalities by Theorem 2.13. However, using the specific form of detection losses one can often
improve these inequalities as we will discuss after the following rather general theorem:

Theorem 2.30 Let Ly : X x T — [0,00) be a detection loss function with respect to (A,h),
Ly : X XY xT — [0,00] be a loss function, and P be a distribution on X XY with R, p <o,
R1, p <00. For s> 0 we write

B(s) := {x € X : A(x) # T and Omax(h(z), P(|2),2) < sh(m)} .

If there are constants ¢ > 0 and « € (0, 00] with

/ 1pohdPx < (cs)° (18)
for all s > 0, then for all measurable f : X — T we have

Riyp(f) = Ri,p < 265 (Rpyp(f) = Ri,p)*F .

The above theorem improves the inequalities we obtained for general target losses L1 in various
cases. The following two remarks illustrate this:

Remark 2.31 Let L; be a detection loss with h = 1x, and assume that Condition (13) is satisfied for some
b: X — [0,00] with b= € L,,(Px) and ¢ > 22, Then Theorem 2.19 gives

1 1
Riar() = Rivp < 107} ooy (Rear(f) — Rip) " (19)

However, we also have B(s) C {z € X : b(x) < s}, and since b~ € L,(Px) implies Px({z € X : b(x) <
s}) < (|7, s)", we find (18) for ¢ := 6=, (Px) and a := p. Consequently, Theorem 2.30 yields

P _ _P_
Rinelf) =Ry p < 2007770 (Rear(F) = Riy p) 7 (20)
Now recall that Theorem 2.19 required % < %7, and therefore (20) is sharper than (19) whenever the excess

risk Rz, p(f) — R}, p is sufficiently small.

Remark 2.32 Let L be a detection loss and Ly be a loss that is uniformly L;-calibrated with respect to
some class Q of distributions. If dmax(., Q) > €? for some ¢ > 1 and all € > 0 then Theorem 2.13 gives

Ri,p(f) —Ri,p < (Ri,p(f) —Ri,p)

for all measurable f : X — R. However, it holds B(s) C {z € X : 0 < h(z) < s'/(4=1D}, and consequently, if
we have

Q=

(21)

Px({zeX:0<h(z)<s}) < (C s)P (22)
for some constants C' > 0, 8 € (0,00], and all s > 0, then it is easy to check that (18) is satisfied for
Bq—
c= C’[THF and a = %. Theorem 2.30 then yields

« Ba—8 « b1t
Rr, p(f) =R, p < 20757 (Reap(f) — LQ,P)[+Q~ (23)
Now note that we always have % > %, and thus (23) is sharper than (21) whenever the excess risk

Ri,p(f) — R}, p is sufficiently small.
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2.3 Template loss functions and self-calibrated loss functions

Given a loss function L and a distribution P such that an ezact minimizer f} p of Rp, p(.) exists
one may ask whether, and in which sense, e-approximate minimizers f. of R p(.) approximate
fi p- The goal of this subsection is to provide some general answers to these questions.

Let us begin with the following definition which introduces another important class of loss func-
tions:

Definition 2.33 (Template loss) Let Q be a class of distributions on'Y. Then we call a function
L: 9xR — [0, 00| a template loss function if for all Q-type distributions P on X XY the P-instance
Lp of L defined by

Lp: X xR — [0,00]

(z,t) +— L(P(.|:r:),t), (24)

is measurable.

In the following template losses will often serve as a powerful tool since they combine properties
of both regular and unsupervised loss functions. To make this precise let L : @ x R — [0,00] be a
template loss. We define

Cro(t) == L(Q,1), and Clq = jnf L(¥)

for @ € Q,t € R, and write My g(e) :={t e R: Crq(t) <C] o +e}, @ € Q, > 0. Moreover,
given a regular surrogate loss Lo we define the calibration function dpmax(., @) : [0, 00] — [0, 0] by

Omax (g, Q) := Omax,L, Lo (6,Q) :== 751éllzf_ CL2,Q(75) — CE%Q , e € [0, 00],
tQMLyQ(E)

ifCy, o < o0, and by dmax (&, Q) := oo otherwise. Since in the proofs of Lemma 2.9 and Lemma 2.16
we have not used that the inner risks are defined by integrals it is then not hard to see that both
lemmas also hold for the above calibration function. Consequently, we say that Lo is L-calibrated
with respect to Q if

Omax(g,@Q) >0

for all e > 0 and @ € Q. Analogously, we say that Lo is uniformly L-calibrated with respect to Q
if dmax(e, Q) 1= infpeg dmax(e, @) > 0 for all € > 0. If we now consider a P-instance Lp of L we
immediately obtain

Omax,Lp,Ls (€, P(.|T), %) = dmax, 1,1, (€, P(.]x)), e €[0,00], z € X.

In other words, the L-calibration of Lo can be investigated just like for reqular losses, i.e. in terms
of Q, while the corresponding results can be used to determine the relation between the excess
Lo-risk and the excess risk of the unsupervised loss Lp.

In order to give a first interesting example of template losses let us now turn to our initial
question, namely the approximation properties of approximate risk minimizers. To this end let
L:Y xR — [0,00] be a regular loss function. We write

Omin(L) == {Q : Q is a distribution on Y with My, o(0") # 0}, (25)

i.e. Quin(L) contains the distributions on Y whose inner L-risks can be minimized. Furthermore,
for Q € Qnin(L) and ¢t € R we define

L(Q.t) := dist(t 0H)) := inf t—t 26
(Qa ) 1S ( 7ML,Q( )) t’EMlﬁQ(0+)‘ |7 ( )
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i.e. L(Q,t) measures the distance of ¢ to the set of clements ¢ € R minimizing Cr, o(.). Now the
following fundamental lemma ensures that the above quantity defines a template loss function:

Lemma 2.34 Let L: Y x R — [0,00] be a regular loss function. Then L : Qmin(L) x R — [0, 00)
defined by (26) is a template loss function.

Now note that the definition of L immediately gives CE 0= 0, and therefore we have

M; oe)={t eR:L(Q,t) <e} ={t e R: 3t € Mpo(0") with |t —#/| <&} (27)

LQ
for all Q@ € Qnin(L) and € € [0,00]. Furthermore, we have already mentioned, that the results
of Lemma 2.9 remain true for template losses. By Inequality (7) the self-calibration function

5maX7E7L (., Q) thus satisfies

6max,f,,L(Iu’(Q7 t)> Q) < CL,Q(t) - CZ,Q

for all @ € Omin(L) and all ¢ € R. Note that if My, o(0") contains a single element ty then the
latter inequality becomes

5max,z,L(|t - ta" Q) < CL,Q(t) - CE,Q ’ (28)

and consequently, the calibration function quantifies how well an approximate Cr, g(.) minimizer
approximates the exact minimizer tZ}‘ This motivates the following definition:

Definition 2.35 (Self-calibration) Let L : Y x R — [0,00] be a regular loss function and Q C
Onmin(L). We say that L is (uniformly) self-calibrated with respect to Q, if L is (uniformly) L-
calibrated with respect to Q.

If L is a regular convex loss function then My, (07) is an interval, and hence (27) together with
the proof of Lemma 2.11 immediately gives the following result:

Lemma 2.36 Every regular convex loss function L : Y x R — [0,00) is self-calibrated with respect

to Qmm(L)

The following proposition shows that for self-calibrated loss functions, approximate risk minimiz-
ers approximate the Bayes decision functions:

Theorem 2.37 Let L:Y xR — [0,00) be a regular loss function that is self-calibrated with respect
to some Q C Qmin(L), and P be a distribution of Q-type with R*LP < o0. Then for all e > 0 and
p > 0 there exists a § > 0 such that for all measurable f : X — R we have

RL’p(f) <R*L’p+5 — Px({JCEX:ip(ZL‘,f(ZL‘)) Zp}) <e.

Remark 2.38 In [25] a similar though technically more complicated version of the above theorem has
already been proved for binary classification problems.

Remark 2.39 Let L be a convex regular loss such that the sets My, p(|2) .« (0T) are singletons. By Theorem

2.22 there then exists a Px-almost surely unique minimizer f7 p of Ry p(.), and thus we have Lp(z,t) =
[t—f7 p(w)| for Px-almost all z € X. Moreover, the assumptions of the above theorem are obviously satisfied,
and consequently we obtain f,, — f; p in probability for all sequences (f,) with Ry p(fn) — R} p. In other
words, approximate risk minimizers approximate the unique risk minimizer f7 p in probability.

Of course, the approximation in probability is a rather weak notion and therefore let us finally
describe situations in which we can replace it by a stronger notion of approximation:
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Proposition 2.40 Let L : Y xR — [0,00) be a regular loss function that is self-calibrated with
respect to some Q C Quin(L), and P be a distribution of Q-type with T\’,*L’P < 0o. Assume that
there exist p € (0,00], ¢ > 0, and a function b: X — [0, 00] with b~! € L,(Px) and

J (e, P(|x),x) > €lb(x), e>0,zeX.

max,ip,
Then for all measurable f : X — R we have

p+1

([ e s arc@)) ™ < 71 oy (Rar() - Ri )

Remark 2.41 If Ry p(.) has an almost surely unique minimizer f7 p then Proposition 2.40 ensures ||.|| ez -
I P

convergence of f, to f; p whenever we have Ry, p(fn) — R} p. Interestingly, if we can only ensure b1 e

L, «(Px), where L, (Px) is a Lorentz space (see e.g. [3]), then the norm ””p’% in the above proposition

can be replaced by the Lorentz-norm ||.|| 24 o if we combine Theorem 2.30 with the proof of Theorem 2.37.
=4

3 Examples

In this section we apply the general theory of Section 2 to various loss functions of common learning
scenarios such as (weighted) binary classification, regression, density level detection, and density
estimation.

3.1 Unweighted Binary Classification

In this section we investigate surrogate loss functions for the binary classification problem. Since
such classification calibrated loss functions have already been intensively studied by Bartlett et
al. in [1], our main aim in this subsection is to discuss the relationship between their results and
our general framework. In addition, the concepts developed in this subsection will be needed in the
following subsections when dealing with weighted classification and density level detection.

Let us begin with briefly recalling the unweighted binary classification problem. To this end let
Y :={-1,1} and 7 := R throughout the subsection. Our target loss is the regular loss function
Lass 1 Y xR — [0, 00) defined by

Lclass(y7 t) = 1(700,0] (y Sign t) ) (7S Y, te ]R, (29)

where we use the convention sign 0 := 1. For a given distribution P on X XY an easy computation
then shows that Ry p(f) is the classification risk discussed in the introduction.

In the following, Qy denotes the set of all distributions on Y. We say that a regular loss function
L is (uniformly) classification calibrated if it is (uniformly) L.j.ss-calibrated with respect to Qy-.
Furthermore observe that any distribution ) € Qy can be uniquely described by an n € [0, 1] using
the identification n = Q({1}). If L is a regular loss function we therefore use the notations

Crn(t) :=Crol(t), sz = Cr0o Mip (€)== Mpgl(e), and  Omax(€,71) = dmax(c, Q)
for t € R and € > 0. Now our first aim is to compute My . »(€) and dmax(g,7):

Lemma 3.1 Let L : Y x R — [0,00) be a regular loss function. Then for all n € [0,1], € > 0 we
have
o0 if e > |2n — 1],

inftGR:(Qn—l) sign t<0 CL,n(t) - Cz,n ife < |277 - 1|

Omax(€,1) = {

17



Proof: For t € R a well-known and easy calculation shows

CLclassan(t) - Cz = ‘277 - 1‘ ’ 1(70070} ((277 - 1) Sign t) . (30)

classsfl

Now if € > |2 — 1| we obviously have Cr, (t) —=C; _, <& forall t € R and hence we obtain
e <€ if and only

Mr...n(€) = R. On the other hand for € < |2n — 1| we have Cr,, . »(t) — C}

if (2n —1)signt > 0, and hence My . n(e) = {t € R: (2n — 1)signt > 0}. [ |
In the following we will restrict our considerations to the following class of regular loss functions

used in many classification algorithms.

Definition 3.2 A regular loss function L : Y x R — [0,00) is called margin-based if there exists a
v : R —[0,00) with L(y,t) = p(yt) for ally € Y and all t € R.

Note that the classification loss Lcjass is not margin-based, but many other loss functions are.
For some examples we refer to Table 1. The following lemma collects some simple but important
properties of margin-based loss functions.

Lemma 3.3 Let L:Y x R — [0,00) be a margin-based loss function. Then we have:
i) For alln €0,1] and all t € R we have Cpy(t) = Cri—n(—t) and C} , =Cj ;.
i) If L is classification calibrated we have Cr,,(0) > Cj , for all n # 1/2.
i11) L is classification calibrated if and only if the function H : [0,1] — [0,00) defined by

() teR:(ggfl)tgocL’”(t) CLy: n € [0,1], (31)

satisfies H(n) > 0 for all n € [0,1] with n # 1/2.
i) If L is continuous then we have dmax(e,n) = H(n) for all 0 < e < |2n —1].

v) The function H is continuous and satisfies H(n) = H(1 —n), n € [0,1], and H(1/2) = 0.

Proof: Assertion i) is easily verified. Furthermore, for n < 1/2 assertion i) is guaranteed by
sign0 = 1 and the formula for dmax (e, z) given in Lemma 3.1. Moreover, for 1 > 1/2 the assertion
ii) follows from Cr,(0) —C7 , = Cr,1-(0) —C} 1, > 0. Now, iii) is a direct consequence of ii) and
Lemma 3.1. In addition, assertion iv) is an easy consequence of Cr, ,,(0) = lim; o- Cr, (). Finally,
the assertions H(n) = H(1 —n), n € [0,1], and H(1/2) = 0 in vi) are trivial and the continuity of
H was established in [1, Lem. 5]. [ |

Now we can establish the following result which was originally proved by Bartlett, Jordan &
McAuliffe in [1].

Theorem 3.4 Let L be a margin-based loss function. Then the following are equivalent:
i) L is classification calibrated.

it) L is uniformly classification calibrated.

Furthermore, let H be defined by (31). Then for § : [0,1] — [0,00) defined by &(c) := H(1%2),
e € [0,1], we have
5**(6) < 5;krfax(57 QY) ) €€ [07 1]7 (32)

and both quantities are actually equal whenever L is continuous.
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Proof: We begin with a preliminary consideration. To this end let us fix an e € (0,1]. Then by
Lemma 3.1 we observe

B BunE.@)= i E Cuy)=Ci, > int HO)= i H(n) =56 (59

(2n—1) sign t<0 -2

ii) = i). Trivial.
i) = i1). Obviously, H is continuous and strictly positive on all intervals [%, 1], e > 0, by Lemma
3.3, and consequently we have §(g) > 0 for all € > 0. Using the monotonicity of dmax(e, Q) in & we
thus find that L is uniformly classification calibrated.
Finally let us show (32). To this end observe that our preliminary consideration (33) yields d(e) <
Smax(€, Qy) for all e € [0,1], and consequently we have 0**() < 8% (e, Qy) for all € € [0, 1].
Furthermore, we obviously have §(¢) = inf.>. 6(¢'), and hence Lemma A.7 yields §** = §*. In
addition, if L is continuous then (33) becomes an equality by Lemma 3.3, and thus repeating the
above arguments give 6**(e) = 6% . (¢, Qy) for all € € [0, 1]. [ |

max

The above theorem shows that for binary classification, calibration coincides with uniform cal-
ibration, and consequently a positive answer to Question 1 automatically gives a positive answer
to Question 2. Moreover, in order to find the corresponding inequality, it suffices to compute the
function H (or the calibration function for continuous surrogates). For many interesting loss func-
tions this has already been done in [1]. Their results together with the corresponding values of the
function 6** defined in Theorem 3.4 are summarized in Table 1. Let us end the discussion with the
following two remarks:

Remark 3.5 Let L be a convex, margin-based loss function. Then it was shown in [1] that L is classification
calibrated if and only if its associated ¢ is differentiable at 0 with ¢’(0) < 0. In this case Lemma 2.11 together
with the formulas for Mp,  »(¢) computed in the proof of Lemma 3.1 shows

H(p) = p(0) - €,

for all € [0,1]. Moreover, 1 +— sz is concave, and hence H is convex. Consequently, the formula given in
Theorem 3.4 reduces to
Oinax (8, Qy) = ¢(0) = C} 1., e €10,1].

v 2

Remark 3.6 It is interesting to note that Equation (30) can be used to describe the classification loss by
a detection loss function. Indeed, if for a given distribution P on X x Y we set

Lp(z,t) = |2n(z) — 1] - L(_eo,0) ((2n(z) — 1) signt) zeXteR,
then Lp : X x R — [0,00) is a detection loss with h(z) = |2n(x) — 1|, x € X, and (30) states

*

CLclass,n(ﬂi) (t) - CLclass:"](x) = CLP,"E(t) - CZP,J;

for all z € X, ¢t € R. Furthermore, Condition (22) is then a weaker version of Tsybakov noise assumption in
the sense of [28], and the resulting inequality of Theorem 2.30 essentially coincides with that of [1, Thm. 10].
In this regard it is also interesting to note that the function §**(¢) for the logistic loss (see Table 1) behaves
like £2, so that for this loss the inequality of Theorem 2.30 can be substantially simplified.

Sometimes, practical classification problems do not only require a small classification risk but
also an estimate of the conditional probability n(z) = P(y = 1|z), x € X. If we have a margin-
based loss function L for which there is a one-to-one transformation between the sets of minimizers
M, ,(07) and 7 then it seems natural to use self-calibration properties of L to investigate whether
suitably transformed approximate L-risk minimizers approximate n. This approach is discussed in
the following example:
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Name of loss function o(t) for t € R H(n) for n € [0,1] 5**(e) for € € (0,1]
Hinge loss max{0,1 — ¢t} |2n — 1] €
Truncated least squares (max{O, 1— t})2 (2n —1)2 g2

Least squares (1 —1t)? (2n —1)2 g2
Exponential loss exp(—t) 1—-2yn(1—-n) 1—+v1—g2
Sigmoid loss 1 — tanh(t) |27 — 1] €

Logistic loss In(1+e7?) In2+nlnn+ (1-n)ln(1—n) (H_s)ln(1+€);(1_6)1n(1_8)

Table 1: Some common margin-based loss functions and the corresponding values for H(n) and §** defined
in Lemma 3.3 and Theorem 3.4, respectively. All results are taken from [1] besides the ones for the least
squares loss and the logistic loss.

Example 3.7 (Estimating the conditional probabilities with the logistic loss) Let Liogist be the
logistic loss defined by ¢(t) = In(1 +e7*), t € R. Then it is well-known that

Mo (07) = {lﬂ(lin)}, n € (0,1).

In other words, if ¢, denotes the element contained in My, »(07) then we have n =

1“!'6%%. Consequently,

if t approximately minimizes Cr,,;., »(.) then it is close to t, by Lemma 2.36 and hence ﬁ can serve as
an estimate of . However, investigating the quality of this estimate by the self-calibration function of Lisgist
causes some technical problems since Liogist is only self-calibrated with respect to the distributions @ € Qy
with Q({1}) # 0,1. Consequently, we now assess the quality the above estimate directly. To this end we
define L : Qy x R — [0,00) by L(n,t) := |7] — H_l7|, n € [0,1], ¢ € R. Then L is template loss function
which measures the distance between n and its estimate in the sense of the above discussion. Let us compute
the calibration function of (L, Liogist). To this end we first observe that sz =0 for all 5 € [0, 1], and hence

we have My ,(e) = {t e R: L(n,t) < e}. Consequently, for C,(t) := Cr,, ... .n(t) —C; Lemma 2.11 gives

Liogist,n
. n—¢ n+e
5maxLme“@an)==Hnn{cn(h11n%g)ycn(hllng)}>
where we use the convention C,(In—oc) := co. From this we can easily conclude Omax,r, Ly, (€:1) =
Omax,L, Liogist (€, 1—1) for all € > 0, n € [0, 1]. Moreover, some calculations show
l—n n 1—n
1 l-p)h———— < pln———+ (1 —-n)ln ———
77117’_84-( 77)n1—77+5_nn77+6+( n)nl—n—s

if and only if n > %, and consequently for n € [0,1/2] we find

nlnnze—l—(l—n)lnligl ife<l—n

00 else.

5max7L»Llogist (57 77) = {

In order to investigate whether Liogis is L-calibrated with respect to Qy let us now find a simple lower

bound of the above calibration function. To this end let h(n) :=nln # Then its derivative satisfies
W) =l—"—+ -5 —ml-——)+—" < - 4+ 5 _g
n+e mn+e n+e n+e n+e n+te

and hence we find nln nis > 1l 1_&25 for all n € [0,1/2], € > 0. Analogously, we obtain (1 —7)In

In 1, for n € [0,1/2], € € [0,1 — ). Both estimates together then yield

1 1 L

5max i ? =5l
,L,Liogist (E 77) -9 n 1+ 2e 1—e¢ ™

1—n >
1-n—e
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for alln € [0,1/2], € € [0,1 —n). From this we easily can conclude that Liogist is uniformly L-calibrated with
respect Qy With Omax, 1, L1, (€, Qy) = €2 for all € > 0. If we now consider the squared version L? of L then
we obviously have dwmax, 12, Lios.: (6) QY) = Omax,L, Liogiee (VE; Qv) > € for all € > 0. For measurable f : X — R
Theorem 2.13 consequently gives

i.e. the we can assess the quality of the estimate

ﬁ in terms of the ||.||2-norm.

3.2 Weighted Binary Classification

In this section we investigate surrogate loss functions for weighted binary classification problems.
Recall that unlike in the unweighted case, in the weighted binary classification scenario the two
types of errors are weighted differently. To make this precise, let a € (0,1) be a real number,
Y :={—1,1}. Then our target loss is the regular loss function L,-class : ¥ X R — [0, 00) defined by

l—a ify=Tlandt<0

La—class(ya t) =N o if y=—1 and t >0 (34)
0 otherwise.
Obviously L,-clags 18 a regular loss function and we have 2L Loclass = Lelass- As in the unweighted

case we begin with computing the calibration function.

Lemma 3.8 Let L: Y x R — [0,00) be a regular loss function. Then for all a € (0,1), n € [0, 1]
and all e > 0 we have

00 ife > |n— «l,
Omax(g,m) = { | |

lnftGR:('r]—a) sign t<0 CL,n(t) - 2777 if& < |77 - Oé|.
Proof: A simple calculation shows Cr,__ () —C} _ e = ‘77 — a| “L(_oo] ((n — ) sign t), and
thus the assertion follows as in the proof of Lemma 3.1. [ |

In the following let L be a margin-based loss function with corresponding function ¢ : R — [0, 00).
For o € (0, 1) we define the a-weighted version L, of L by

_@@jy:{uawa)ﬁyzl teR

Moreover, when considering these weighted versions, we frequently use the quantities

(1-a)n
(1—=a)n+a(l—n)

which are defined for all n € [0,1]. Now, the following lemma describes the relation between L,
and L with respect to the inner risks.

wa(n) == (1 —a)n+a(l —n) and Vo(n) ==

Lemma 3.9 Let L be a margin-based loss function, o € (0,1), and n € [0,1]. Then we have:

i) Cron(t) = wa(n) CL9a(n) (t) for allt € R, and szn = wu(n) Cz,ﬂa(n)'

it) min{a, 1 — a} < wy(n) < max{a,1 — a}.
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it) If L is classification calibrated and n # o, then Cr,, »(0) > C} .

Proof: A simple calculation shows i), and i) easily follows from w,(n) = (1 — 2a)n + «. Finally,
we have n # « if and only if J,(n) # % and hence i) follows from Lemma 3.3 and

CLa ,77(0) = Wq (77) CL,ﬁa (n) (0) > Wq (77) Cz,ﬁa (n) = CEQ m-:

With the help of the above lemma we can now characterize when weighted versions of margin
based loss functions are L,-cjass-calibrated.

Theorem 3.10 Let L be a margin-based loss function and o € (0,1). Then the following state-
ments are equivalent

i) Le is uniformly Lg-class-calibrated with respect to Qy .
i1) L 18 Lo-class-calibrated with respect to Qy .
i11) L is classification calibrated.
iv) The function H, : [0,1] — [0,00) defined by

HO[ = 3 f t _ * ) 0717 35
() teﬂ%z(izrioz)tgoCL“’”(> Clam n € [0,1] (35)

satisfies Ho(n) > 0 for all n € [0, 1] with n # «.

Furthermore, if one of the statements is true and H is defined by (31) then we have

Ha(n) = wa(n)H(ﬁa(n)) . (36)
Proof: Some easy calculations show 29,(n) — 1 = % and |n — a| < [294(n) — 1|. Now

let dmax(e,m) be defined with respect to Lgjass and L, and dmax,a(€,n) be defined with respect to
La-class and L. Then for e < |n — «| our preliminary considerations yield

5max,a (57 77) = ;gﬂg CLa M (t) - Cza,n = Wq (77) ;gﬂg CL,ﬂa(r]) (t) - Cz,ﬁa (n)
(n—a) signt<0 (20a(n)—1)signt<0

= wa("?)émax(sa 1901("7)) :

From this we immediately obtain the equivalence of i) and 4ii). Furthermore, i) = i) is trivial,
and 7ii) = 1) follows from Omax.a(€,1) = Wa(N)dmax(€,Va(n)) > min{a, 1 — a}omax(e, Va(n)) and
Theorem 3.4. Now, if L is classification calibrated, iv) of Lemma 3.9 together with Lemma 3.8
implies H,(n) > 0 for all n # . Conversely, if iv) holds then we have dmax,a(€,n) > Hq(n) > 0 for
n# aand 0 < e < |n— «a|, and hence L, is Lpass-calibrated with respect to Qy. Finally the proof
of (36) is analogous to the proof of dmax,a(€,7) = Wa(N)0max (&, Va (1)) [ |

Remark 3.11 The above results can be used to obtain inequalities between the excess risks of L -clags and
a-weighted versions of margin-based, classification calibrated loss functions. In order to find such inequalities
let us write

bale) := inf Hg(n),
(e) o (n)
[n—al>e
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Name of loss function H(n) Hq(n) 65 (e)

Hinge loss |2n — 1] In — «of €
Truncated least squares (2n —1)2 % W—is(l—&x)
Least squares (2n —1)? % Wjdl—m)
Exponential loss 1—2v/n(1—n) | a+n—2an+240y/n(1—n) | 24A0(Ao—A:)+e(2a—1)
Sigmoid loss |2n — 1| In — «of €

Table 2: The functions H, H, and §%* for some common margin-based losses. For the exponential loss we
used the abbreviation A. := /(a —¢)(1 —a +¢), € > 0. Furthermore we omitted the logistic loss because
the corresponding formulas a too long to fit into the table. Note that for the hinge loss and the sigmoid loss

the function §%* is actually independent of a.

where amax := max{a,1 — a} and ¢ € [0, amax]. For € € [0, max] Lemma 3.8 then yields

inf Opax(e,Q) = inf inf  Cp,(t)—Ci , > inf Ha(n),
ol Omax(e,@) = inf nf Craa)—Cr., 2 f Ha(n)
|n—a|>e (n—a)signt<0 In—a|>e

and consequently we have
05" (€) < 0piax(e, Qy) -

Moreover, it is obvious, that for continuous L, we even have equality in the above formula. Furthermore, for
some loss functions we already know H (n), n € [0, 1], and hence the computation of §3*(¢) is straightforward.
The corresponding results are summarized in Table 2.

Up to now we have only considered a-weighted versions of classification calibrated loss functions
to get L-class-calibrated loss functions. We finally show that this is in some sense the only choice:

Proposition 3.12 Let o, € (0,1), L be a margin-based, classification calibrated loss function,
and Lg be its B-weighted version. Then Lg 1s Ly _class-calibrated if and only if 8 = a.

Proof: We have already seen L, i La-class-calibrated, and therefore let us now assume o # (.
Without loss of generality we only consider the case § > «. Then for a fixed n € (o, 3) an easy
computation shows J3(n) < 3, and hence for € > 0 with € < [ — a| we obtain

5max(€a 77) = (n—oz)irslifg‘ntg()CLmn(t) - CLa,n = wﬁ(n) %gg CL,ﬁﬁ(n) (t) —YLg(n) - (37)
Furthermore, since L is classification calibrated we have inf>0Cr 9, (t)—=C; 9an) > 0, and since
inftER CL,'&B(W) (t) — Czﬂgﬁ(ﬁ) = 0 we find inft<0 CLuﬂB(U) (t) - Czﬂ%(n) = 0. Together with (37) this
shows that Lg is not L,-class-calibrated. |

Remark 3.13 Note that the above proposition in particular shows that an a-weighted version of a classifica-
tion calibrated margin-based loss function is classification calibrated (in the sense of the previous subsection)
if and only if o = % In other words, changing the weights produces a loss function which is not classification
calibrated, and hence this often used heuristic for unbalanced datasets may lead to systematical errors.
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3.3 Regression

In this subsection we investigate the use of surrogate loss functions for regression problems. Recall,
that the general goal in regression is to predict real-valued outputs, i.e. the label space Y is either
the entire real line R or an interval. The most commonly used loss function for regression is the
least squares loss Lisquares defined by Lisquares(y,t) == (y — t)2. However, this loss is known to be
sensitive against outliers, and hence one of our goals is to identify Lisquares-calibrated loss functions.
Furthermore, we investigate the problem of finding the mean for symmetric noise distributions and
discuss self-calibration for a class of loss functions typically employed in regression problems. Let
us begin with introducing this type of loss functions:

Definition 3.14 Let L : R x R — [0,00) be a regular loss function. We say that L is:
i) distance-based if there is a ¢¥:R — [0, 00) with ¥(0) = 0 and L(y,t) = ¢ (y—t) for ally,t € R.
it) symmetric if L is distance-based and its associated v satisfies 1(r) = p(—r) for all r € R.

Obviously, the least squares loss, and more general, the L,-loss functions, p > 0, defined by
|y — t|P are symmetric. Moreover the logistic loss for regression, Huber’s loss and the e-insensitive
loss are further examples of symmetric loss functions (see also Table 3).

The following definition introduces some important notions for distance-based loss functions:

Definition 3.15 Letp > 0 and L : RxR — [0,00) be a distance-based loss function with associated
¥ : R —[0,00). We say that L is:

i) (strictly, uniformly) convex if 1 is (strictly, uniformly) convez.
i1) of growth type p if there are c1,co > 0 with c17? < Y(r) < corP for all sufficiently large r.
i4) locally Lipschitz continuous if for all a > 0 the restriction )_, q) is Lipschitz continuous.

For our analysis we also need some notions related to distributions on R. To this end let @ be a
distribution on Y := R with finite first moment, i.e. |Q[1 := Ey~g|y| < 0o. Then the mean of @ is

EQ = /Y ydQ(y)

We call Q symmetric around some center ¢ € R, if Q(c+A) = Q(c—A) for all measurable A C [0, c0).
It is not hard to see that the mean EQ is the only center whenever |Q|; < co. Furthermore we say
that @ is symmetric if it is symmetric around some ¢ € R. Obviously, @ is symmetric around c if
and only if its centered version Q(© defined by Q(C)(A) :=Q(c+A), A C R measurable, is centered
around 0. In the following we denote the set of distributions with first finite moment by Og, and
the set of distributions with support contained in the bounded interval I by Q;. Moreover, we write

Qbounded ‘= U Q[fM,M]’

M>0

for the set of distributions with bounded support. Clearly we have QO C Opounded C Qr for
all bounded intervals I, and if L is a continuous, distance-based loss function we actually have
Qbounded C 9Qr(L). Moreover, we denote the set of all symmetric distributions with first finite
moment by Qgym. Finally, the sets Qj¢ym for I C R being bounded interval, and Qpounded,sym are
defined in the obvious way.
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Our first goal is to identify distance-based, Lisquares-calibrated loss functions L. To this end recall

MLlsquarest (0+) - {EQ}

for all @ € Q(Lisquares), and consequently, if L is a Ljsquares-calibrated loss function then we must
have My, o(0%) C {EQ} for all Q € Q(L). This observation motivates the following two proposi-
tions in which we investigate the sets My, o(07) for distance-based loss functions.

Proposition 3.16 Let L be a convex, distance-based loss function whose associated 1 satisfies
lim, 400 Y(1) = 00, and let Q € Qr with Crq(t) < oo for allt € R. Then My, o(07) is a compact,
non-empty interval. Moreover, if 1 is strictly convex then My, o(07) contains exactly one element.

Proof: Our first goal is to show that lim; .4+, Cr o(t) = oo. To this end let (¢,) C R be a
sequence with t, — —oo, and B > 0. Since lim, 1o, % (r) = oo there then exists an 79 > 0
such that ¢(r) > 2B for all r € R with |r| > r¢. Since Q(R) = 1 there is also an M > 0 with
Q([-M, M]) > 1/2. Finally, there exists an ng > 1 with ¢, < —M — ro for all n > ng. For
y € [—M, M] this yields y — t,, > ro, and hence we find ¢(y — t,,) > 2B for all n > ng. From this
we easily find
Crolt) = [ iy~ t2)dQ() = 2BQ(1-M. 1)) = B,
[—M,M]

i.e. we have shown Cr, g(t,) — 00. Analogously we can show lim;_. Cr, ¢(t) = 00, and consequently
we have lim; .4 Cr (t) = co. Furthermore, the convexity of ¢ implies that ¢ — Cr, g(t) is convex
and hence it is continuous by the assumption Cr, ¢(t) < oo, t € R. Now the assertions follow. H

Note that for distributions @ € Qpoundea We automatically have Cr g(t) < oo for all t € R.
Furthermore, if L is of some growth type p then we have Cr g(t) < oo for all t € R and all
Q € Or(L). Consequently, the above proposition gives My, o(0") # 0 in both cases.

The following proposition compares My, o(0") with the mean EQ. Note that a similar result
was independently found by A. Caponnetto in [6].

Proposition 3.17 Let M > 0, and L be a distance-based, locally Lipschitz continuous loss function
with associated 1. Then we have:

i) IfEQ € Mpg(0%) for all Q € Q|- M, M],syms then L is symmetric.

i) IfEQ € My, o(07) for all Q € Qbounded, then there exists a ¢ > 0 with L = ¢ Lisquares-

Proof: Recall that the fundamental theorem of calculus for Lebesgue integrals shows that the
derivative 1’ is (Lebesgue)-almost surely defined and integrable on every bounded interval.

i). Let us fix ay € [—M, M| such that v is differentiable at y and —y. We define @ := %6{_y}+%6{y}.
Then we have @ € Qqym with EQ = 0, and Cr, o(t) = 3¢(—y—t)+3¢(y—t). Therefore the derivative
of Cr(.) exists at 0 and can be computed by C (0) = — 3¢ (—y) + 3¢'(y). Furthermore, our
assumption shows that C,(.) has a minimum at 0, and hence we have 0 = C; (0), i.e. ¥'(~y) =
—1'(y). According to our preliminary remark, this equality holds for almost all y, and thus the

fundamental theorem of calculus for Lebesgue integrals shows that for all o € R we have

0 0 0
blyo) =90 + [ @yt =) — [ ()t =) — [ W (E)dt = p(—p0).

0 0 —Y0
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i1). Let y # 0 and « > 0 be real numbers such that v is differentiable at y, —y, and ay. We define
Q= 155000} + ﬁ‘s{(Ha)y}v so that we obtain EQ = y and Cr g(t) = ﬁw(—t)ﬁ-ﬁlb(y—l-ay—t)
for all t € R. This shows that the derivative of Cr, g(.) exists at y and can be computed by
1
1+

a

_1 +a ¢/(Oéy) ’

Chol) = 1=t/ (-0) - =¥ (y) = 1)

14«

where in the last step we used 4). Again, our assumption y € My, (07) gives C} 5(y) = 0 and
hence we find o)’ (y) = ¢'(ay). Obviously, the latter holds for almost all @ > 0 and thus we obtain

V' (y)

2 (ty)?

¢ t
vit) =00 + [ W ewyds = [ sv'tgds -
for all ¢ > 0. From this we easily obtain the assertion. |

The above proposition shows that there are only trivial surrogates for the least squares loss if
one is interested in the entire class Q(Lisquares) = {@ € Or : Eyngy? < co}. Furthermore, it shows
that the least squares loss is essentially the only loss function whose minimizer is the mean for
all distributions in Q(Lisquares), i-€. if we are actually interested in finding the regression function
x — Ep(Y|x), and we just know EprXEpr(.‘x)yQ < 00, then the least squares loss is the only
loss for this task. However, if we cannot ensure this tail assumption but know that the conditional
distributions P(.|z) are symmetric then the above proposition suggests that we may actually have
alternatives to the least squares loss. In order to investigate this conjecture systematically we first
need a target loss function that describes the goal of finding the mean. To this end let us consider
the template loss Liean : Qr X R — [0, 00) defined by

Linean(Q, t) := |EQ — t], teR,Q € 9.

Note that this indeed defines a template loss since given a distribution P on X x R of Qgr-type it
is easy to see that (z,t) — Lpean(P(.|2),t) = |[Ep(Y|z) — t| is measurable. Moreover we have

2 *
L?nean(Qv t) = (EQ - t) = CLISClU&tSS:Q (t) - CLlsquarES)Q

for all @ € Q(Lisquares) and t € R. Since the minimal Lyean-risks equal 0, ie. C7 o =0, we
consequently have Mp, ... 0(vV€) = MLy ue..@(€) for all € > 0, and from this we obtain

5maX7Lmean7L(\/g7 Q) = 5maX7Llsquar957L(€7 Q) (38)

for all distance-based losses L, all Q € Q(Lisquares) N (L), and all ¢ € [0,00]. In other words,
by considering Lyean-calibration we simultaneously obtain results on Lisquares-calibration. Further-
more, if t — Cr (t) has a unique minimum at EQ then we obviously have Lpean(@,t) = i(Q,t)
for all ¢ € R, and consequently we obtain

5maxyLmean7L(€7 Q) = 6maX7E7L(E7 Q) ’ €€ [07 OO] (39)

In other words, by considering Lycan-calibration of L we will also gain some inside into the self-
calibration properties of L.

Now, the following key lemma presents an alternative way to compute the inner risks Cr g(.)
when both L and ) are symmetric:
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Lemma 3.18 Let L be a symmetric loss function with associated 1, and Q € Qsym(L). Fort € R
we then have

CLalBQ+1) = CLo(EQ—1) = 5 [ (Wy—FQ=0)+0(y~BQ+D)dQW).  (4)

In addition, if L is conver we have Cr, o(EQ) = CLQ, and if L is actually strictly convex we also
have Cpo(EQ +t) > C} o for allt # 0.

Proof: Let us fix a Q € Qgym(L) and write m := EQ. The symmetry of Q™) and ¢ then yields
Crglm+1) = [ vly=0aQ" ) = [ vi=y=0Q" ) = [ wly+Q"™ () = Cuolm—0).

Since this gives Cpo(m +t) = 2(Cro(m +t) + Cro(m —t)) we also obtain the second equation.
Furthermore, if 1 is convex we can easily conclude

Cuglm+t) = 5 [ (6= 1)+ v+ 0)dQ™() > [ (1)aQ™ ) = Cro(m)

for all ¢t € R. This shows the second assertion. The third assertion can be shown analogously. M

With the help of the above lemma we can derive a simple formula for the calibration function
Omasx, Lmean, L (€, @) if L is convex:

Lemma 3.19 Let L be a symmetric, convex loss function and Q € Qsym(L). Then for all e > 0
we have

5maX,Lmean7L (67 Q) = CLyQ(]EQ + E) - CE,Q . (41)

Proof: Obviously, we have My o(e) = (EQ — ¢, EQ + ¢€). Since this set is open, it is easy to
see that the continuity assumption in Lemma 3.18 is superfluous and hence the assertion follows
by Lemma 2.11 and Lemma 3.18. |

Our next result is a rather technical lemma, will be used at various times to establish upper bounds
on dmax (€, Q). For its formulation we need the set

Qiym = {Q € Qym : Q(EQ + (—p,p)) > 0 for all p > 0}

which contains all symmetric distributions that do not vanish around their means. Moreover,
we also need the sets Q’isym = QrnN Q’S"ym for I being a bounded interval, and ngunded,sym =
Obounded N Qeym- Now the result reads as follows:

Lemma 3.20 Let L be a symmetric, continuous loss function with associated . Assume that there
exist §p € R, s1,52 € R, s1 # so and an €9 > 0 such that for all e € [0,e9] we have

w(81+€)+¢(82+5)*1/J<81+82+6)§50- (42)
2 2
Then for M := |%| 4+ g9 and all § > 0 there exists a Lebesque-absolutely continuous @ €

YR oym (L) with BQ = 0 such that for t := 25> we have

CL,Q(t) — CL,Q(O) <d+9.

Furthermore, there exists a Lebesgue-absolutely continuous Q € Q[_ s a1 sym (L) with EQ =0 and

Cro(t) —Crq(0) <do.
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Proof: We write yg := ]%] Furthermore, if yo = 0 we let () be the uniform distribution p_. o
n [—ep,e0]. Otherwise, we define

11—« 1l -«
Q= Qi v vo + 9 Fl—yo—e0,—yo] T 9 Flyo,yo+eo] »

where « € (0, 1) is a real number satisfying

- 5
sup Py —1) ;w(yﬂ) _uw)] < 2.
vel- 4.4 @

Now, in the case g # 0 this construction yields EQ = 0 and

Yy —t)+ 9y +1)

Cro(t) —Cro(0) = A 5 —(y)dQ(y)
_ Yy —t)+(y+1t)
= a/[_%)’y;] 5 — V(y)p_ v v0y(y)
+(1 o Oz) / w(y — t) —gw(y - t) B ¢(y)u[y07yo+ao] (y)

[yo,90+¢0]

< 5+(1-a) Y(s1+¢) —;w(SQ +e) ¢<81 +s2 6)#[0,50} (y)
[0,60]

< §p+9.

Furthermore, the case yo = 0 can be shown analogously, and the last assertion follows if we repeat
the above construction with o = 0. |

With the above preparations we can finally establish our first main result that characterizes loss
functions L that are Lyean-calibrated with respect to Q:ym(L):

Theorem 3.21 Let L be a symmetric, continuous loss function. Then the following statements
are equivalent:

i) L is Lmean-calibrated with respect to Q%,.,,(L).

i1) L is convex and its associated function v has its only minimum at 0.
Proof: ii) = i). Assume that L is not Liean-calibrated with respect to QF,,(L). By Lemma 3.19

there then exist a @ € QF,(L) and a t # 0 with Cp g(m +1) = C] 5, where m := EQ. Using
Cr,o(m) = C} o, which we know from Lemma 3.18, then yields

Yy —t)+ Py +1)
2

—P(y) dQ"™ (y) = CLq(m +t) — Crg(m) =0,

and hence the convexity of i shows Yly=m= t)+w(y mit) _ Y(y —m) = 0 for Q-almost all y € R.

The continuity of ¢ and the assumption Q(m + (—p, ,0)) > 0 for all p > 0, then guarantee that
Yy—m—t)+y(y—m+t)
2

—1(y —m) = 0 holds for y := m. However, by the symmetry of ¢ this implies
¥ (t) = ¢ (0) which violates our assumption on .

i) = ii). Assume that 1 is not convex. Then Lemma A.1 shows that there exist s1,s2 € R with
w —(2522) < 0. With the continuity of ¢/ we then find (42) for some suitable §y < 0 and
go > 0, and consequently Lemma 3.20 gives a Q) € Q[_M’M]’sym( ) and a t # 0 with EQ = 0 and
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Cr,o(t) < Cr(0). Now observe that since 9 is continuous and @ has bounded support, the map
t— Cr(?) is continuous on R. Let (¢,) C R be a sequence with Cr, o(tn) — Cj  for n — co. Now,
our previous considerations showed Cr, (0) # C]  and hence (t,) is eventually bounded away from
0, i.e. there exist an £ > 0 and an ng € N such that |t,| > ¢ for all n > ny. This gives

5max(57 Q) = tlgl(rif )CL,Q(t) - CE,Q < CL,Q(tn) - Cz,Q )
for all n > ng. For n — oo we hence find dmax(e, Q) = 0, and consequently L is convex. Finally,
assume that there exists a ¢ # 0 with ¢(¢) = ¢(0). Then we find Cr, ¢(t) = C]  for the distribution
@ defined by Q({0}) = 1, and hence we obtain dmax(t,Q) = 0 by Lemma 3.19. [ |

The following theorem considers calibration with respect to the bigger class Qgym:

Theorem 3.22 Let L be a symmetric, continuous loss function. Then the following statements
are equivalent:

i) L is Lecan-calibrated with respect to Qgym(L).

it) L is strictly convex.

Proof: If L is strictly convex then Lemma 3.18 and Lemma 3.19 show that L is Lycan-calibrated
with respect to Qgym(L). Conversely, if L is Lean-calibrated with respect to Qgym (L), then Theo-
rem 3.21 shows that L is convex. Let us suppose that its associated ¢ : R — [0, 00) is not strictly
convex. Then there exists s1, s0 € R with s1 # s9 and

1 1 1 1
@0(551 + §Sz> = 5@0(81) + 51#(52) :
From this and Lemma A.1 we easily find (42) for 49 = 0 and some suitable 9 > 0. Lemma 3.20
then gives a o # 0 and a @ € Q[_n msym(L) With Cp o(EQ +to) = C] o and hence Lemma 3.19
shows that L is not Lycan-calibrated with respect to Qgym(L). [ ]

Our next aim is to estimate the function € — dmax(e, Q) for some classes Q C Qgym. To this end
we define the modulus of convezity of a function f : I — R, where [ is an interval, by

dp(e) == inf{f(xl) + flz2) f(xl + 29

5 5 ):.751,.7)26[“71’611@1—33226}, e > 0.

In addition we say that f is uniformly convex if d;(e) > 0 for all ¢ > 0. Some properties of the
modulus of convexity and uniformly convex functions can be found in Appendix.

With the help of the modulus of convexity we can now formulate the following theorem that
estimates dmax (g, Q) and characterizes uniform calibration:

Theorem 3.23 Let L be a symmetric, convex loss function with associated . Then we have:

i) For all M >0, >0, and all Q with QflM,M], C Q C Q[_p M]sym we have

sym
5¢\[7(QM+5),21\/1+5](25) < 5max(€’ Q) < 6711\[71\4/2,1»4/2](26)‘ (43)
Consequently, the following statements are equivalent:

(a) L is uniformly Lyean-calibrated with respect to QE‘_M M for all M > 0.

,Sym
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(b) L is uniformly Lyean-calibrated with respect to Q[_ s n)sym for all M > 0.

(¢) The function 1 is strictly convez.
ii) For all e > 0 we have
5¢(2€> = 5max(57 stm(L>) - 51113)((57 Q‘:;ounded,sym(L)) . (44)
Consequently, the following statements are equivalent:

(a) L is uniformly Liean-calibrated with respect to Qgsym(L).
(b) L is uniformly Lmean-calibrated with respect to Qf ;. nded sym (L)

(c) The function v is uniformly conver.

Proof: i). For Q € Q|_p p]sym We have EQ € [—~M, M], and hence we find

5max(5,Q):/ w(y_EQ_E)—i_w(y_EQ‘i‘E)

[—M,M] 2

—(y —EQ)dQ(y) > 5w|[—(2]b1+s),2]\/1+5] (2¢)

by Lemma 3.18 and Lemma 3.19. This shows the first inequality. To prove the second inequality
let n > 1. Then there exist s1,s2 € [-M/2, M /2] with s; — s2 > 2¢ and

P(s1) +p(s2) w(Sl + 52

1
) 2 > < 5¢\[—AI/2,]VI/2](28) + n =:do.

By the continuity of ) there thus exists an €9 € (0, M] such that (42) is satisfied for dp, and
consequently Lemma 3.20 gives a @ € QE‘_ M,M] with EQ = 0 and with

sym

2
Cro(t) — CZ,Q < 51#\[—1»4/2,1»1/2] (2¢) + n

for ¢ := #1532, Since t > ¢ we also have dmax (e, Q) < Cp(t) — C o, and hence we find

N 2
(Smax(57 Q[—M,M],sym) < 6max(€; Q) < 6¢|[,M/2,M/2] (26) + g

Since this holds for all n > 1 the second inequality follows. Finally, Lemma A.1 shows that 1 is
strictly convex if and only if 5,[/,‘[_ B.5] () > 0 for all B,e > 0, and hence the characterization follows.
ii). Analogously to the proof of the first inequality in (43) we find d,(2€) < dmax(€, Qsym (L)) for all
€ > 0. Furthermore by the second inequality in (43) we obtain dmax(€; Qb ounded sym (L)) < 0y (2€)
for all ¢ > 0, and hence (44) is proved. Finally, the characterization is a consequence of (44). W

Remark 3.24 The above theorem shows that the modulus of convexity completely determines whether a
loss function is uniformly L,ean-calibrated with respect Qgym(L) or onunded7sym(L). Unfortunately, Lemma
A3 shows that for all distance-based loss functions of growth type p < 2 we have () = 0 for all e > 0.
In particular, Lipschitz continuous, distance-based losses which are of special interest for robust regression
methods (see e.g. [8]) are not uniformly calibrated with respect to Qsym(L) or Q5 nded sym (L), and con-
sequently we cannot establish strong relations between the excess L-risks and Ry, .. p(.) in the sense of
Question 2.

On the other hand, note that symmetric, strictly convex losses L are Lpcan-calibrated with respect to
Qsym(L), and hence we can show analogously to Theorem 2.37 that f, — E(Y'|.) in probability, whenever
Rir.p(fn) — Rp p and P is of type Qsym(L). In addition, if we restrict our considerations to Q_as,a],sym OF
QE‘_ M, M) sym then every strictly convex loss becomes uniformly Ly ean-calibrated, and in this case (5¢|[7 5.5) (L),
B > 0, can be used to describe the corresponding calibration function. For some important losses we have
listed the behaviour of d,,,_, ., (.) in Table 3. Furthermore, Lemma A.3 establishes a formula for the modulus
of convexity which often helps to bound the modulus.

30



Loss function (1) lower bound of (51/,”_373] upper bound of 5¢”_B,B]
L;-loss |t] 0 0
—1) pp_ p —2.2
Ly-loss, p € (1,2) |t|P %Bp 2¢2 WBP €
P D
Ly-loss, p € [2,00) t[P (5) (5)
.. 4et e/2_ B 5 e/2_ B 5
Logistic loss —In (14:2’5)2 e2e6/21 1 e%J:;g/? e 'l e%;;(si/z
t2 . 2 . 2 .
= < = < = <
Huber’s loss, ¢>0 2 2 if ft]<e s ifB=<c g fB=c
ct| =% else 0 else 0 else

Table 3: Some invariant loss functions and corresponding upper and lower bounds of Oy _p.p (), 0 <e < B,
for the restriction ¢j_p g of ¥ to [-B, B], for B > 0. The asymptotic behaviour for the L,-loss, 1 < p < 2,
is computed in Example A.4. For the Ly,-loss, p > 2, and Huber’s loss the lower bounds can be found by
Clarkson’s inequality, and the upper bounds were found by finding suitable x1, 2z € [B, B]. The calculations
for the logistic loss can be found in Example A.5.

In Theorem 3.21 we have seen that for Q € QF,, (L) we may have dmax (e, @) > 0, € > 0, even if
L is not strictly convex. The key reason for this possibility was the assumption that () has some
mass around its center. Now recall that in the proof of the upper bounds of Theorem 3.23 we used
the fact that for general ) € Qg this mass can be arbitrarily small. However, if we enforce lower
bounds on this mass the construction of, this proof no longer works. Instead, it turns out that we
can establish lower bounds on dpax (g, @) as the following example illustrate:

Example 3.25 Let L be the distance-based loss function whose associated 1 is 9 (t) = [¢[, t € R. Then for
all Q@ € Qym(L), m :=EQ, and all € > 0 we have

Suns(1Q) = [ QU((=s.9)ds.

To see this we first observe that for ¢ > 0 and y € R an easy calculation shows

t ify <0
Yy —t) —Py) =t—2y ifye(0,t)
—t ify>t.

Consequently the symmetry of Q™) yields

CLom+t)—Cio = tQ((—o0,0]) +tQ™((0,t)) —2 / ydQ™ (y) — tQ™ ([t, 0))

Oo<y<t

= Q" ((~t,1)) —2/ ydQ"™ (y)

o<y<t

/O Q™ ((=t,1)) — Q™ ((—t,—s] U [s,1))ds
- /Q(m)((—s,s))ds.
0

From this we easily find the assertion by Lemma 3.19.
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Remark 3.26 The above results show that using surrogate loss functions for regression problems requires
some care: for example let us suppose that the primary goal of the regression problem is to find the regression
function. If we only know that the noise distributions have finite variances (and expect that these distribu-
tions are rather asymmetric) then the least squares loss is the only reasonable choice by Proposition 3.17.
However, if we know that the noise is (almost) symmetric then e.g. symmetric, strictly convex and Lipschitz
continuous losses like the logistic loss can be a reasonable alternative. In addition, if we are confident that
the noise is rather concentrated around its mean, e.g. in the form of Q™) ((—s,s)) > cgs? for small s > 0,
then even convex loss functions like the absolute distance loss considered in the previous example can be a
good choice. Finally, if we additionally expect that the data set contains extreme outliers then the logistic
loss or the absolute distance loss may actually be the better choice than the least squares loss. However,
recall that such a decision only makes sense under an (almost) symmetric behaviour of the noise distribution.

When we introduced the template loss Lyean We also discussed its relation to self-calibration
issues. Therefore let us finally investigate in which sense convex, distance-based loss functions are
self-calibrated.

Theorem 3.27 Let L be a distance-based, convex loss function whose associated 1 satisfies
limy—, 400 ¥ (t) = 00. Then we have:

i) L is self-calibrated with respect to Qpounded-
it) If L is of some growth type p > 1 then L is self-calibrated with respect to Qr(L).

i) If L is strictly conver then L is uniformly self-calibrated with respect to Q_ps ap for all M > 0,
and we have

5max,i,L(6’ Q[—M,M]) > 25¢|[7(2M+5),21V1+6] (6), e>0, M >0. (45)

i) If L is uniformly convezr then L is uniformly self-calibrated with respect to Qpounded and we
have

5max,i,L(€’ Qbounded) > 2(5¢(€) s e > 0. (46)

v) If L is uniformly convex and of some growth type p > 2 then L is uniformly self-calibrated
with respect to Qr(L) and we have

5max,i,L(5’ Or(L)) > 25w(€) ) e > 0. (47)

Proof: i). Proposition 3.16 shows Qpounded C Qmin(L), and hence Lemma 2.36 implies 7).

ii). The results in [8] together with Proposition 3.16 show Ogr(L) C Omin(L). Again, the assertion
then follows from Lemma 2.36.

i1). Let us fix a Q € Q_ps,a). By Proposition 3.16 we then know that there exists a o € R with
Mp.o(07) = {t5}, and consequently (8) reduces to

5maX,L,L(€7 Q)= min{CLQ(tz) —¢) = CLo CrLolty +e) — CE}Q} . (48)

Let us now assume that t7, > M. Then we have y—t;, <y—M <0 for all y € [-M, M]. Since 1 is
convex and has a minimum at 0 it is decreasing on (—oo, 0] and hence we find (y — M) < ¢ (y —t7))
for all y € [-M, M]. This directly implies Cr, (M) < Cr (t5), and hence our assumption ¢, > M
cannot be true. Since we can analogously show t*Q > —M, we have tzg € [-M, M]. Moreover, for
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t€[—M — e, M + €] we have

Cro(t)+Ci g / Yy —1t) + vy —t5) Q)
[~ M,M]

2 2

Y

t+tF
Q *
/[—M,M} w(y - T) + 6w\[7(2N1+5),2M+5] (‘t B tQD dQ(y)

t+tF
Q *
= CL,Q( 2 ) + 5¢|[7(2M+a),2M+5] (|t - tQD
= Cz,Q + 6¢\[—(2A1+5),2M+5] (’t - ta’) ) (49)

and thus we find (45) by combining (48) with (49) and t7, € [-M, M].
iv). Inequality (45) immediately implies (46).
v). The proof of Inequality (47) is analogous to the proof of (45). [ |

Remark 3.28 The above theorem shows that for convex, distance-based losses L, approximate L-risk mini-
mizers approximate the Bayes decision functions in the sense of Theorem 2.37, i.e. in probability. In particular
note that the absolute distance loss can be used to estimate the median (multi)-function in this weak sense.
Moreover, Example 3.25 together with Theorem 2.18 shows that in order to estimate the median function in
a stronger sense one needs assumptions on the concentration of the noise distributions. The deeper reason for
this observation is the fact that for symmetric, convex losses L whose associated 1y have a unique minimum
at 0 the stronger convexity assumptions in 4)-v) are also necessary for uniform self-calibration. To see the
latter observe that for such L Theorem 3.21 shows the Lecan-calibration with respect to Q;‘ym(L), and from
Lemma 3.19 we may thus conclude that Cr, o(.) has a unique minimum at EQ for all Q € Q,,(L). Equation
(39) then shows

6maX7Llnean7L(€’ Q)= 6max,E7L(57 Q), e€0,00],Q € Q:ym(L)' (50)

Now assume e.g. that L is uniformly self-calibrated with respect to Q[_ps a7 for all M > 0. Then it is also
uniformly self-calibrated with respect to Q?‘_ M, M],sym? and thus (50) shows that L is Lyean-calibrated with
respect to QE; M, M],sym” By Theorem 3.23 we then see that L is strictly convex.

Remark 3.29 Inequalities for excess risks resulting from Theorem 3.27 can be used to establish variance
bounds which are important for bounding the estimation error by Talagrand’s inequality. Indeed, if e.g. L
is a strictly convex loss function then its corresponding ¢ is locally Lipschitz continuous and hence (28) can
be used to find an “inner” version of a variance bound. This approach was somewhat implicitly taken in
e.g. [1, 4] in order to derive variance bounds for margin-based losses, but of course it also works for distance-
based losses. However, it sometimes provides too loose bounds as e.g. the hinge loss shows. Indeed, this loss
fails to be uniformly self-calibrated not only for 7 — 1/2 but also for  — 0 and  — 1. In order to establish
variance bounds using the self-calibration we consequently need not only to ensure a noise assumption in
the sense of Tsybakov, but also a similar assumption ensuring that the set where 7 is either close to 0 or 1
is small. However, the latter is superfluous as the variance bound established in [28] shows. One may ask
whether variance bounds can also be directly established using our general framework and a (template) loss
which reflects the variance bounds one is interested in. Some preliminary considerations we have already
made in this directions are promising but due to space constraints we do not go into further details.

3.4 Density Level Detection

In this subsection we show how the developed theory can be used to investigate the density level
detection problem. To this end let us first recall that in this unsupervised learning problem we have
a known probability measure p on X and the goal is to estimate a level set {g > p} or {g > p}
of an unknown function g : X — [0, 00) satisfying [|g||z,(,) = 1. The only information to achieve
this goal is given to us by a data set T' := (z1,...,x,) of n samples drawn independently from
the probability measure gu. Typically, an estimate of a level set is of the form {f > 0}, where
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f X — R is a measurable function. In order to assess the quality of such an estimate one can use
the loss function Lprp : X x R — [0, o] defined by

Lpip(zx,t) == 1(_0070)((g(:c) — p) sign t) , rzeX,teR. (51)

Note that this loss function penalizes predictions ¢ if either ¢ > 0 and g(z) < p, or t < 0 and
g(x) > p, whereas it completely ignores t if g(z) = p. In a slight abuse of notations we now write

Ripiou(f) = /XLDLD(UC,f(UC)) du(z),
where f : X — R is a measurable function. Obviously, this definition gives Rpr,, , .(f) =
Ripo,p(f) for every Polish space Y and every distribution P on X x Y with Py = pu. More-
over note, that if we additionally assume u({g = p}) = 0, as it is usually done in the literature?,
we obtain the better known expression

Ripou(f) = n({o > p}A{f > 0}).

Now note that unlike for the supervised loss functions we cannot compute Lpyp(z,t), since g is
unknown to us, and consequently for training sets of the form 7' = (z1,...,2,) € X™ we cannot use
e.g. an ERM based on Lpip simply because we cannot compute the empirical risk. To overcome
this problem a framework was developed in [27] that translates the density level detection problem
to a binary classification problem. The key idea of this framework was the following definition:

Definition 3.30 Let p be a distribution on X and Y :={—1,1}. Furthermore, let g : X — [0, o0]
be a measurable function with ||g||r, ) = 1. For p >0 we define the distribution P := gu S, ju by

g+p
Px = —
g()
Ply=1lz) = ——, r e X.
( =) g(w) +p

Note that the distribution P := gu©,u describes a binary classification problem and consequently
one could ask in which way the classification risk Rr_, . p(.) is related to Rry,p .(.). It turned
out in [27] that there is indeed a close relationship in between the two quantities. The goal in this
subsection is to extend the considerations of [27] using our general theory. To this end we write
Y := {—1,1} throughout this section. Furthermore, we always identify a distribution @ € Qy by
n € [0,1] via the relationship 1 := Q({1}). Now let us define Lprp : [0,1] x R — [0, 00] by

Lorp(n,t) := (1 = 1)1 (_s0) (27 — 1) signt) . (52)

Using the identification n = Q({1}) we can then think of Lprp as a template loss. Furthermore,
for P = gu ©, pu the P-instance EDLD,p of Lpip is

= . P .
L z,t) = (1 —n(x))l_x 2n(x) — 1)signt) = ———1(_ x) — p)signt),
pLp,p(2,t) = (1 = n())1(_c0)((2n(x) — 1) signt) o) 0)((g(z) — p) signt)
where n(z) := P(y = 1|z) = g(gz()zlp. With this equation we then find
1+p _I+p

Rippulf) = /X Loun (o (@) =L

3We could have gone this path, too. However, we will see that technically it is a bit more convenient to ignore
the set {g = p} rather than to assume that it (essentially) does not exist.

dPx (z) = ’ Ripippp(f)
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for all measurable f: X — R. Consequently, suitable supervised surrogates for the DLD-problem
are exactly the losses that are (uniformly) Lprp-calibrated. In order to identify the latter losses
let us first compute the corresponding calibration functions:

Lemma 3.31 Let L : Y x R — [0,00] be a supervised loss function. Then for all n € [0,1] and
e € (0, 00] we have
00 ife>1—n

5m x,L L(E7 n) = . )
ax,LpLp, 1nfteR:(2nfl)signt<0 CL,n(t) — Czﬂ? ife<l—n.

Proof: A simple calculation shows C7 , =0 and consequently we obtain My = (¢) = R if
e>1-mn,and Mg = (¢) ={t € R:(2n— 1)signt > 0} otherwise. [ |

With the help of the above lemma we now obtain the first main result which compares classifi-
cation calibration with Lpy,p-calibration:

Theorem 3.32 Let L : Y x R — [0,00] be a supervised loss function, n € [0,1], and 0 < & <
min{l —n, |2n — 1|}. Then we have

5max,[_/DLD,L(5v 77) > 5maX,Lc1ass,L(5v 77) ’

and consequently, L is Lprp-calibrated if L is classification calibrated. Moreover, if L is continuous
then the above inequality becomes an equality and L is classification calibrated if and only if L is
Lpi,p-calibrated.

Proof: Combining Lemma 3.1 with Lemma 3.31 yields

6max,EDLD,L (E’ 77) - tlélﬂg CLJ] (t) - CZJ] Z tléflﬂg CL777 (t) - Cz,’I] = 5maX7Lclasva (67 77) .
(2n—1) sign t<0 (2n—1) sign t<0
Moreover, for continuous L the assertion can be found using the continuity of ¢ — Cp, ,(t). |

By the results on classification calibrated, margin-based loss functions in [1] we immediately
obtain a variety of Lprp-calibrated losses. Furthermore, the P-instances of Lpr,p are bounded loss
functions and therefore Theorem 2.8 yields

RL,P(fn) - RE,P == RLDLDvH(fn) —0

whenever P = g ©, p and L is classification calibrated. In addition, for L := L,s the proof of
[27, Thm. 4] shows that the converse implication is also true.

Our next goal is to identify the uniformly Lprp-calibrated losses. The following theorem gives a
complete, though rather disappointing solution:

Theorem 3.33 There exists no supervised loss function L :' Y x R — [0,00] that is uniformly
Lpi,p-calibrated.

Proof: Let L:Y x R — [0,00] be a supervised loss function, and e := . For n € [0, 3] we define

H(n) := inf ty—-C5 . .
() teR:(ér?—l)tgocL’"() CL
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Then we obviously have H(1/2) = 0, and Lemma 3.31 together with sign0 = 1 yields

6maX,[_/DLD7L(1/47T,) = H(n) ) 0 S 7] < 1/2

Furthermore, both 7 +— sz and 7 — infycp:(2yp—1)1<0 CLy(t) are defined by infimums taken over
affine functions of n and thus they are concave and upper semi-continuous. Since in addition they
are both finite on [0,1/2], [23, Cor. 2.37] shows that H is continuous. Consequently, we obtain

) 7 1/4 < inf ¢ 7 1/4,n)= inf H(n)=0.
maX,LDLD,L( / 7QY> _ne[lg}l/Q) max,LDLD,L( / 777) 776[1&:11/2) (77>

Remark 3.34 Theorem 2.18 showed that uniform calibration is necessary to establish inequalities between
excess risks if essentially no assumptions on the data-generating distribution are imposed.* Together with
Theorem 3.33 we consequently see that it is impossible to find a supervised loss L : ¥ x R — [0, 00] and an
increasing function 4 : [0, oo] — [0, 00] with 6(0) = 0 and §(¢) > 0 for € > 0, such that

5(RLDLD7H(f)) S RL,P(,]C) - Rz,P

holds for all possible choices of f, g, p and P := gu©, p. Furthermore, the proof of Theorem 3.33 shows that
this observation remains true even if we only consider one fized level p and additionally exclude pairs (p, g)
with 1({g = p}) = 0. On the other hand if we only consider densities g that are bounded away from the level
p then the corresponding function x — n(x) is bounded away from the critical level %, and thus the argument
of Theorem 3.33 does not work. This observation has been implicitly used for the inequalities established in
[27, Thm. 10]. Moreover, using Theorem 2.30 we can actually improve these inequalities slightly. However,
due to space constraints we omit the details.

3.5 Density Estimation

In this last subsection we apply the developed theory to the density estimation problem. To this end
let us first recall that in this unsupervised learning problem we have a data-generating distribution
on X which is of the form gu, where p is a known distribution and ¢ is an unknown density. The
learning goal is then to estimate g. Let us assume that we have an estimate f of this density. Then
the quality of this estimate is usually measured by

Riylf) i= /X 1F(@) — g(@)]du(@) = 1 - gz

orif g € Ly(p) is known, by Ry .(f) := [[f —9gllL,(u)- Obviously, the above performance measure
Rr,u(.) is a risk with respect to the unsupervised loss function (x,t) + [t — g(z)|. However, like
for the density level detection problem, this loss function is not accessible to us since we do not
know g. Consequently, if we want to assess the quality of an estimate, we need a surrogate risk,
i.e. a surrogate loss function. In order to find such a surrogate recall that a well-known heuristic
for the density estimation problem is based on using additional samples drawn from p (see e.g. [12,
Chap. 14.2.4]). Let us now briefly describe and analyze this approach. To this we define P := gu©qpu
on X xY,Y :={-1,1}, i.e. P is the joint distribution of the original, positively labeled samples
drawn from gu, and the artificial, negatively labeled samples drawn from p. As usual, we identify
the conditional probability P(.|z) with n(z), via the relation P(y = 1|z) = n(z), so that we have

__n@)
1—n(z)

4Formally the result only holds for loss functions, not template losses. However, it is quite straightforward to see
that the proof of Theorem 2.18 can be easily modified to establish an analogous result for instances of template losses.

n(z) = 9(z)

=T+ 9@ and g(z)
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Moreover, let L : Y x R — [0,00) be a regular loss function such that My ,(0) contains a single
element, denoted by m(n), for every n € [0,1). Moreover, assume that the map m : [0,1) — M :=
{m(n) : n € [0,1)} defined by n — m(n) is a bijection, and that M is a Polish space®. Given a
t € M one can then interpret m~1(¢) as an estimate of 7, and therefore the template loss

- m— (1) U
measures the quality of the estimate ; m! f() D for g. Moreover, for measurable f : X — M an easy

calculation shows

Ry plf) = [ 20| 2 s = L0 fapat) = [ 2 )~ go] duto)

1
i.e. we have Ri,P(f) = RLgyu(ﬁnmi—(lf()f))' Consequently, it suffices to investigates surrogates for the

template loss L. Let us begin with a negative result:

Theorem 3.35 There exists no regular loss function satisfying the above additional assumptions,
such that L is uniformly L-calibrated.

Proof: Let us fix n € [0,1) and € > 0. Then we have 2277:E € [0,1) and consequently ¢, := m(é"%)

is well-defined. In addition, an easy calculation shows L(n, ty) = € and hence we obtain

5o (e =  inf Cu,(t)—Ci. < Cpo(ty) —C:
max,L,L( 77) FeM-L(nt)>e Lﬂ?() L LJ]( 77) Ly

Moreover, we have

Cry(ty) = nL(l,ty) + (1 —n)L(-1,t,)

2t e n+te e(n—1) e(1—17)
= L(1,¢ (1— )L —1,t —— 2 L(1,¢t — U IL(-1,t
2+¢ (Lty) + 31 ( )+ P (1,t,) + e ( )
€ €
= C* e —C ty) — C t ,
Lz o Calty) = 57— Cralty)
and consequently we obtain
2+€ * g 2+5 . € .
Crnltn) = 5= Cpgpee = 5 Cralln) = —5=Cp e = 5Cin

Together with our estimate on the calibration function this yields

Omax.b.0(E:1) < 5 CL’% - §CL,1 —Cr
Now recall that we have already seen in the proof of Theorem 3.33, that n — C* is continuous on
[0,1] and hence we find lim; 16, 7 ;(¢,m) = 0. From this we easily infer the assertlon [ |

Remark 3.36 At first glance one is tempted to conclude from Theorem 3.35 and Theorem 2.18 that there
-1

cannot exist a general inequality between the risk Ry, H(linmi,(j()ﬁ) and an excess surrogate risk Rz p(f) —

R1 p- However, in the case of density estimation we are actually not interested in all distributions P on

X x Y, but only in distributions of the form gu &1 p with g being a density with respect to p, and therefore

5This is only a technical assumption which is satisfied for all commonly used surrogates.
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Theorem 2.18 does not apply directly. Nevertheless, Theorem 3.35 can be used to show that no supervised
loss L satisfying the additional assumptions on m(.) allow a general inequality between RLQ,H(ITTI_(J()JC))
and its excess risk Ry, p(f) — Ry p. To see let X := {1,2}, u be a distribution on X and g : X — [0, 00)
be a density with g(2) = 0. Note that p is uniquely determined by pq := pu({1}), and since ¢ is a density
with respect to p we have gy := g(1) = 1/p;. Using our standard notations this yields n; :=n(1) > 1/2 and
7(2) = 0. Now note that for f: X — R with m~1(f(2)) = 0 = g(2) we have

CLJ71 (fl) -
2m

where f1 := f(1). Moreover, for such f we also have

* _ Czﬂll *
Rrp(f)—Rip= <CrLa (f1) =Cp s

Ry ( m~'(f) ) _ 1*771 ’ A m :E(Th,fl)
AL =m=(f) L—m~'(f1) 1-m 2m
Now assume that we have a function ¢ : [0, oo] — [0, 00] and an inequality in the sense of Theorem 2.18.
Then this inequality in particular holds for f : X — R with m~!(f(2)) = 0, and hence we find

(M) < s(H00)) 5y (D)) < Rupl) -~ Ri < Com (1)~ -

Since this inequality holds for all 7, € [1/2,1) and all f; € R, we easily see that L is uniformly L-calibrated
with respect to {n:1/2 <n < 1}. However, we have seen in (the proof of) Theorem 3.35 that this uniform
calibration is impossible, and consequently no general inequalities are possible in the above sense.

After these disappointing results let us finally present a positive result for convex loss functions:

Theorem 3.37 Let L:Y xR — [0,00) be a regular loss function which is convex on in its second
argument. If L satisfies the above additional assumptions then L is L-calibrated.

Proof: Repeating the proof of [25, Lem. 20] we see that the map m : [0,1) — M is monotone, and
since it is also invertible, it must be strictly monotone. Moreover, we obviously have My, g »(0") C
M; 0 ,(0%). Using Lemma 2.11 and the ideas of its proof we then obtain the assertion. |

Remark 3.38 Let L:Y x R — [0,00) be regular loss function that is L-calibrated. Repeating the proof of
Theorem 2.37 we then see that .
m”="(fn)

t=m ()’
whenever f, : X — M is a sequence of measurable functions with Ry p(f,) — R} p- In particular, every
universally L-risk consistent method is also universally consistent in the above weak form of the density
estimation problem. Moreover, if g is a bounded density, then it is not hard to derive consistency with
respect to Ry, ,(.). Finally, we like to mention that additional results can be obtained by computing the
calibration function 5maX7 i (., .) for specific L, but because of space constraints we omit the details.

in probability

4 Proofs of the Results of the General Theory

Proof of Lemma 2.5: For n € N let us fix an «,, € A that satisfies (2) for € := 1/n. Then for
all x € X we have

LP(|o)w = ;QQCL,P(.|J;),$(OZ) = Inf Cp p(Ja, 2(an)

and hence x — C} P(2)z is measurable. Furthermore for all n > 1 we have

1 .
RLP</CLP(x) (an) dPx (x /CLP|m 2 APx(r) +— < 1nf/CLP|zx ) dPx (z) +

n acA n

< RLP‘*‘*
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and hence we obtain the second assertion if we let n — oo. [ |

Proof of Theorem 2.8: For brevity’s sake we write C1.() := Cr, p(|z)(Q) — Cl\ p(jx)x and
Coz(@) == Cr, p(|2)z() — CZ%P(.‘;U)’I for x € X, a € A. Furthermore let us fix an £ > 0 and write
h(z) :=d(e,x), z € X. Then for all z € X, and all o € A with C; z(«) > € we have Ca z(a) > h(zx),
and hence we obtain

Riap(@) = Riyp = [ Col@irx@) > [ bar(s)
X Ci,z(a)>e
for all & € A. Furthermore, since h(z) > 0 holds for all z € X, the measure v := bPx is
absolutely continuous with respect to p := h Px and consequently there exists a § > 0 such that
v(A) < ¢ for all measurable A C X with u(A) < 6. For a € A with R, p(a) — R}, p < 0 and
A:={x € X :Ci () > €} the above considerations thus show

RLI,P(Q) — RELP = / Cljx(a)dpx(l‘) +/ Cl,x(a)dpx(l‘) < / b(m)dPX(ﬂz) +e
Ci,a(a)>e Cie(a)<e A
< 2.
From this we easily get the assertion. |

Proof of Lemma 2.9: Let us first assume C}, o, = co. Then we have Omax (6, Q,x) = 0o and
hence 4i) is trivially satisfied. Furthermore we have My, 0 2(dmax (¢,Q,x)) = 0, and hence we
obtain ¢). Let us now assume Cj, 5, < co. Then for a € My, ¢ u(dmax (¢, Q,2)) we have

CLQ,Q,I(Q) - CZQ,QJ; < 6max (Ev Q7 SC) = allréa CL27Q7-73(O/) - CZQ,Q7I7
'EML,,Q,x(e)

which shows a € My, g.(e). For the proof of the second assertion let us fix a 6 with 6 >
Omax (€, @, z). By definition this means

ctrelfét CLy,Qu() — CE%Q,Q? = Omax (6,@,2) <6,
QQMLl,Q,Z(E)
and hence there exists a o € My, ¢ .(6) with o € My, g.(e). Finally, in order to establish (7)
let us fix a a € A. Then for ¢ := Cp, gu(a) — C}, o, We have a & M, g .(¢) which implies
a g Mr,Qz(0max (6,Q,x)) by 7). Since the latter means

CLQ,Q,m(a) > CEQ’Q@ + Omax (57 Q, :B) = CEQ,Q@ + dmax (CLl,Q,m(a) - Czl,Q@v Q, l’)

we obtain the assertion. [ ]

Proof of Lemma 2.11: Since My, g .(¢) is an interval and Cr, ¢ »(.) : R — [0, 00) is continuous
we obtain

) g,Q,x) = min{ inf C «), inf C Q }—C* .
max (€, @, T) a<int My, 0.0(6) Lz,Q,ﬂc( )a2supML1,Q,z(6) L2,Q,w( ) Lo,Q,x

Moreover, for o € R with @ ¢ My, g (¢) we have o & My, 0.(07), and consequently we find
a & Mp, 0.(07). Now, it is easy to check that the map a — Cp, ¢ () is convex, and consequently
it is strictly decreasing on (—oo, inf My, g »(07)] and strictly increasing on [sup M, ¢ »(07), o0).
Combining all observations we obtain the assertion. |
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Proof of Theorem 2.13: Let us use the shorthands C; ,(«) and Cs () defined in the proof of
Theorem 2.8. Assumption (10) together with Lemma 2.9 and R}, p < oo, R}, p < oo then gives

5(Cra(a)) < Conla) (53)

for all € X and all @ € A. For a € A with R, p(a) < oo Jensen’s inequality together with the
definition of B, 6% (.) < 4(.), and (53), now yields

5*BZ(RL1,P(a)—Rzl /53 (Crz(a))dPx (z /ch )dPx(z) = R, p(a) —Ri, p

Finally for o € A with Ry, p(a) = oo we have B, = oo. If §5%(c0) = 0 there is nothing to
prove, and hence let us assume 03} (c0) > 0. Then observe that because of 0 = §(0) = ¢3%(0) and
its convexity the function 6** is increasing. Consequently, if there is a to > 0 with 03} (¢g) = oo,
there exist constants ¢, co € (0,00) with ¢ < ¢;0%%(t) + ¢ for all ¢t € [0,00]. Furthermore, if 6**
is finite on [0, 00) then there exists a tp > 0 and a ¢y > 0 such that the (Lebesgue)-almost surely
defined derivative of 6% satisfies (65%)'(t) > ¢ for almost all ¢ > ¢y. By Lebesgue’s version of the
fundamental theorem of calculus (see e.g. the Theorems 26-28 in Chapter X of [10] or the Theorems
271, 269, and 274 in [15]) we then also find constants c1,co € (0,00) with t < ¢105%(t) + ¢ for all
t € [0,00]. This together with (53) yields

oo = / Cro(@)dPy(z) < o1 / 5 (Coa(0))dPy (2) + ¢ < 2 (Rip.p(e) — R, p) + €2
X X

and hence we have Ry, p(a) — R}, p = oo. This shows the assertion. |

Proof of Lemma 2.16: Let us fix an € > 0. If jpax (g, Q) = 0 there is nothing to prove and hence
we assume dpmax (g, Q) > 0 without loss of generality. Then there exists a strictly positive sequence
(0p) with 6y, " dmax(e, Q) for n — oo, and My, g (dn) C M, @z(¢) for all n € N. Now let us fix
an a € Mr, @z(0max(€, Q). Then we have Cr, ¢2() —C], o, < dmax(e, Q) and hence there exists
an n € N with Cr, g.(a) — Cl,.0z < On. Obviously this implies o € Mr,.0200n) C M, .0.(€),
i.e. we have shown the assertion. |

<

Proof of Lemma 2.17: Let us write 6(¢) := infyex Omax (6,Q,z) for € > 0. Since d(¢)
Omax (&,Q, ) for all x € X, Q € Q, and € > 0, we then obtain

MLz,Q,x(‘S(d) C MLQ,Q,m(‘SmaX (6,Q,7)) C MLLQ,x(g) .

This shows d(¢) < dmax(e, Q). In order to prove the converse inequality let us assume d(g) <
Omax (g, Q) for some € > 0. Then there exist Q@ € Q and z € X with Opax (6,Q, %) < Imax(€)-
However, Lemma 2.16 shows M1, 0 2(dmax(€, Q)) C My, ,0.(€), and hence we find a contradiction
by ii) in Lemma 2.9. [ |

Proof of Theorem 2.18: Let us fix an € X and a () € Q. Furthermore, let P be the distri-
bution on X x Y with Py = d¢,y, where () is the Dirac measure in z, and P(.[z) = Q. Then
P is of type Q and we have Ry, p(a) = Cp, @q(a) and R}, p = Cj. 5, < oo for i = 1,2 and all
measurable a € A. Consequently our assumption yields

0(Cri,Qa(@) = C, ga) < Croqal(®) —Cl,qq

for all « € A. Now let ¢ > 0 and @ € M, ,+(6(¢)). Then we have Cr, g.o(a) —Cj, o, < d(¢) and
hence the above inequality yields 6(Cr,,@,«(®) —=Cj, o) < d(¢). Since ¢ is monotonically increasing
the latter shows Cr, g .(a) —Cf, o, <&, i.e. we have found My, ¢ .(d(¢)) C M, g.2(¢). Lemma
2.9 then shows 6(¢) < dmax (€, @, z), and hence Ly is uniformly L;-calibrated with respect to Q. W
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Proof of Theorem 2.19: Let us use the shorthands C; ,(«) and Cs () defined in the proof of
Theorem 2.8. Then our assumption on dmax (€, z) together with (7) yields (Caz(a))?b(z) < Cy2(cv)
for all z € X, o € A, and hence using Hoélder’s inequality with r defined by g = % + 1 gives

Rrpyp(a) =RL, p < (b(w))_%(cl,x(a))% dPx (z) % < b~"dPx C1,2(a) dPx ( )
X X

Since p > r we then find the assertion. [ |

For the proof of Theorem 2.22 we need a method for finding measurable selections from multi-
valued maps of specific forms. We begin with some basics: Let X, Y, and Z be measurable spaces,
h:X xZ—Y and A CY be measurable, and

F: X — 22

z — {z€Z:h(zx,z) € A}. (54)

Furthermore we write

DomF := {ze€X:F(zx)#0},
GrF = {(z,2)€eXxZ:z2€F(z)},
F'(B) = {z€X:F(x)NB+#0} BC Z.

Note that we have Dom F' = F~1(Z) and Gr F = {(z,2) € X x Z : h(x,z) € A}, so that in
particular Gr F' is measurable. Furthermore, if 7x : X X Z — X denotes the projection onto X
then we have

Dom F = {z € X : 3z € Z with h(z, z) € A} :’/T)(({(l',z) € X XZ:h(z,2) EA}) =7x(GrF).

Now the following result provides a sufficient condition under which Dom F' is measurable and F
admits measurable selections.

Lemma 4.1 Let (X, X) be a complete measurable space, Z be a Polish space equipped with its Borel
o-algebra, and Y be a measurable space. Furthermore let h : X X Z — Y be a measurable map,
A CY be measurable and F : X — 2% be defined by (54). Then the following are true:

i) Dom F' is measurable.

it) There exists a sequence of measurable functions f, : X — Z such that for all x € Dom F' the
set {fn(z) : n € N} is dense in F(x).

it1) Let ¢ : X x Z — [0, 00] be measurable and 1) : X — [0,00] be defined by

W(z) = Zelgfx) o(x, z), xeX. (55)

Then 1 is measurable. Furthermore, for all n > 1 there exists a measurable f, : X — Z such
that for all x € Dom F we have f,(z) € F(x) and ¢(z, fo(x)) < ¢(x)+1/n, and consequently

U(a) = inf (. fule)

In addition, if the infimum in (55) is attained for all x € Dom X then there exists a measurable

function f: X — Z with ¥(x) = p(z, f(z)) for all z € Dom F.
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Proof: i). Let us first recall that the so-called projection theorem [7, Thm. II1.23, p. 75] ensures
mx(B) € X for all B € X ® B(Z). Now the assertion directly follows from Dom F' = 7x (Gr F') and
the projection theorem.
i1). Let X be the trace o-algebra of X on Dom F. Then it is easy to see that X is a complete
o-algebra. Furthermore, F|pop, p : Dom F' — 2% obviously maps Dom F' to non-empty subsets of Z
and in addition we have

Gr(Flpomr) = {(z,2) € DomF x Z : z € F(z)} = Gr F N (Dom F x Z),

and hence Gr(Fpoy ) is measurable. Now Aumann’s selection theorem in the form of [7,
Thm. II1.22, p. 74] gives a sequence of X-measurable functions f, : DomF — 7 such that
{fn(x) : n € N} is dense in F(x) for all # € Dom F. Extending these functions to measurable
functions f, : X — 7 gives the assertion.

iii) The measurability follows from [7, Lem. I11.39, p. 86]. Furthermore, on the measurable set
{z € X : ¢(x) = oo} there is nothing to prove and hence we may restrict our considerations to
Dom FN{z € X : ¢(x) < oo} equipped with the trace o-algebra of X. Then the existence of f, is
shown in [7, p. 87]. Finally, the existence of a measurable f : X — Z is shown in [7, p. 86]. [ |

Proof of Theorem 2.22: First note that the measurability of (x,t) + Cr, p(|2)2(t) can be shown
using standard arguments.
i). If C} Pl)s = for some x € X, then (2) cannot be true for this =, and hence L is not

P-minimizable. To see the converse implication observe that the multivalued map F : X — 27,
defined by F(x) := 7 for all z € X, is obviously of the form (54) for arbitrary measurable h and
A :=1T. We write ¢(x,t) := Cp p(|a)(t) for all z € X, t € T, so that ¢ : X x T — [0,00] is
measurable. Then we have

Clp(jo)e = te}n(fx) p(z,1) (56)

for all x € X, and consequently Lemma 4.1 shows that for all n > 1 there exists a measurable
function f, : X — 7 with

CrL.p(2)e(fa(®)) = ¢(z, fu(@) < CL pwye +1/1 < C p(jaye +2/0

for all z € Dom F' = X. From this we easily conclude that L is P-minimizable.
ii). This assertion also follows from Lemma 4.1 since My, p(|s).(0%) # 0 for all 2 € X ensures
that the infimum in (56) is attained for all x € X. [ |

Proof of Theorem 2.23: Without loss of generality we may assume C; Plla)e < X forallz € X

and ¢ = 1,2. To show the measurability of z — dnax(e, P(.|z),x) we equip [0, cc] with the Borel
o-algebra, write A := [, 00|, and define h : X x 7 — [0, 00| by

h(l‘, t) = CLl,P(.‘I‘),Z‘(t) — Czl,P(.‘:I:),$ 5 (ZL‘, t) € X X T

Then h is measurable and for F : X — 27 defined by (54) we have T \ M, Pje)z(€) = F(z) for
all z € X. Furthermore, ¢ : X x 7 — [0, o0] defined by

gD($,t) = CLQ,P(.|JJ),:v(t) - C227P(_‘x)7x’ ($7t) € X xT,
is also measurable. For all x € X our construction yields

Omax (g, P(.|x),z) = teig(fx) o(z,t),
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and consequently we obtain the measurability of z +— dpmax(e, P(.|z), ) by Lemma 4.1.
Let us now assume that there exists an € > 0 such that B := {x € X : dmax(¢,2) = 0} satisfies
Px(B) > 0. With the above notations we obviously have B C Dom F. Moreover for all n > 1

Lemma 4.1 gives us a measurable function f}(Ll) : X — T with

* 1 *
CLQ,P(.|1),x(f1(11)(x)) _CLQ,P(.|:E),I < - and CL1,P(.|x),m(f7§Ll)) _CL1,P(.|z),a: > €

n

for all x+ € B. Furthermore, since Ly is P-minimizable there also exist measurable functions

9 X L T with
. 1
CLop()(F2(@) = Chy plmye < —

n

for all z € X. We define f,, : X — 7 by fu(x) := (D () if z € B, and f,(z) := fT(L2)(:E) otherwise.
Then f,, is measurable and our construction yields both lim,, oo Rz, p(fn) = R*L% p and

Ris ()= Riyp > [ Coptinolt) =i, (o dPx (o) = ePx(B).
From this we easily obtain the assertion. |
Proof of Theorem 2.26: Since dpax(., Q) is monotonously increasing, the set
U :={e>0: dmax(., Q) not continuous in ¢}

is at most countable, and hence there exists a sequence (g,,) with {e,, : n € N} = UU{r € Q : r > 0}.
Then for all n,m > 1 there exists a distribution @, € Q with

1

E + 6max(5n’ Q) > 5max(5n7 Qn,m) = tlél,zf. CLZaQn,m (t) - sz,Qn,m :

tQMLLQn,m (E’”)
Therefore for all n,m > 1 there exist t,m € T with tp.m € Mp, q,..(€n) and

1

CLQin,m (tnym) - CEQ»Qn,m < 5max(5n7 Q) + E .

Now, let A, ,, C X, n > 1, be according to our assumption. Note that without loss of generality
we can additionally assume X = |J,,,, Anm. Consequently, for x € X there exists a unique
(ng,mz) € Nx N with 2 € Ay, g, - yFurthermore, let P be the distribution on X x Y which is
defined by the conditions Px = p and P(.|x) = Qn, m,, ¢ € X. Now let us fix an n > 1. Then for
all z € U,,, An,m our construction gives t, ;n, & M, p(|)(€n), and hence we obtain

1

Omax(&n, P) < CLQ:Qn,mI (tn,mz) - ng,Qn,m,c < Omax(€n, Q) + e
X

Minimizing over x € |J,,, An,m then gives dmax(en, P) < dmax(en, Q) for all n € N, and consequently
we have dmax(€n, P) = Omax(en, Q) for all n € N. In particular, this shows dmax (g, P) = 0max (g, Q)
for all e € U. Now let ¢ > 0 with € & U. There there exists a sub-sequence (g5, ) of (&,) with
eny \ € for k — oo. This gives dmax(eny, P) = Omax(Enys Q) — Omax(€, @), and hence we have

> i > i ! =
6max(57 Q) = ’irzlfi 5max(5nka P) = gl’gfg 5max(5 ,P) 6max(5a P)

by the monotonicity of dmax(., P). From this we easily obtain (15). [ |
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Proof of Theorem 2.30: To shorten notations we write

Cralf) = Cryp(le)(f(@) =CL, p(ia)a and
Coa(f) = Cr,p(lr)2(f(@) —CL, p(j2)

for z € X and measurable f : X — 7. Furthermore, for s > 0 we write
C(s):={z € X : A(x) # 7, and bmax(h(z), P(.|z),z) > sh(z)} .

By (7) and (17) we then obtain

Renp(f) =R, p = /B()1A(x,f(x))h($)dPx(w)+/ La(z, f(x))h(z) dPx(x)

C(s)

—1
< /1B(s)thX + s /C(s) (5max(h(l’),P(’1‘),$) 1A(5U7 f(l’)) dPX(.Z‘)
< (es)"+ 3_1/ S (Cra (), P(|2), 2) dPy (2)
C(s)
< (es)*+ s (Reop(f) = Ri,p) -

1 1
For o < o0, the assertion then follows by setting s := (ac®)” a+1 (R, p(f) — 7?,22713) o1 and using
ai%ﬂ + OC%H < 2.

Furthermore, for a = co the assertion follows by setting s~! := 2c. |

Proof of Lemma 2.34: Let P be a distribution on X x Y with P(.|z) € Quin(L) for all z € X.
We write X := X x R and Z := R. Furthermore, for Z = (x,t) € X and ¢ € Z we define

h(f,t,) = CL,P(.\w) (t/) - Z,P(‘ax) 5
F(z) = {{ eR:h(z,t)=0}, and
p(z,t) = [t—t].

For the P-instance L p of L we then have

v

Lp(z,t) = inf t—t|= inf @(zt),
( ) t/EMLyp("I)(O"') | | t'eF(z) SO( )
and consequently we obtain the assertion by part iii) of Lemma 4.1. |

Proof of Theorem 2.37: For a fixed p > 0 we write 4, = {(Q,t) € 9 xR: E(Q,t) > 8}‘ By
Lemma 2.34 we then see that L := 14, defines a template loss function, whose P-instance Lp is a

detection loss with & = 1x. Furthermore, we have My o(e) = {t € R : L(Q,t) > p} = M; o(p)
for all e > 0 and @ € Q, and thus we find

6max,f1,L(€7 Q) = 5max,i,L(p7 Q) > 0.

In other words, L is L-calibrated with respect to Q. For € > 0 Theorem 2.29 thus gives a § > 0
such that for f : X — R with Ry p(f) < R} p + ¢ we have

PX({x e X: f)p(w,f(x)) > p}) =R, p(f) _R*EP,P <e.
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Proof of Proposition 2.40: We write o := % and L := L®. Then Lis a template loss function

by Lemma 2.34, and since M 5(e) ={t € R: L(Q,t) < &} we easily find

5max,E,L(€’ Q) = 6maX7E,L(51/a> Q) ) e>0,Q¢€Q.

Furthermore, we obviously have £ > p%l and Rz P 0, and therefore Theorem 2.19 yields

QR

o= Lo(w, F@)IE = Repp(f) ~Ri, p < 171 (Rep() ~ Rip)

Appendix

In this appendix we discuss some simple properties of convex functions. Recall that a function
f:I— Ron an interval I C R is called convez if for all z1, 25 € I and all « € [0, 1] we have

flazi + (1 —a)ze) < af(z1)+ (1—a)f(z).

Furthermore, it is called strictly convex if this inequality is strict for all z1, 22 € I with x1 # xo,
and all @ € (0,1). Obviously, every strictly convex function is also convex. Furthermore, it is
well-known that convex functions f : I — R are continuous on the interior of I. The following
lemma describes some less trivial relations between the different notions of convexity:

Lemma A.1 Let f: I — R be a function. Then we have:

i) If f is convexr and satisfies f(apr1+(1—ag)x2) = apf(x1)+(1—ap) f(x2) for some x1,29 € 1,
ap € [0,1], then actually for all o € [0,1] we have

flazi + (1 —a)zs) = af(zr)+ (1 —a)f(z2). (57)

it) If f is continuous then f is convex if and only if for all x1,x2 € I we have

1+ X2 1 1
<z - .
F(F52) < 5@ +5/() (58)
1) If f is continuous then f is strictly convex if and only if for all x1,x9 € I with x1 # xo we
have N 1 )
I i)
F(F52) < Sf@) + 5 f(@). (59)

i) If f is uniformly conver and continuous then it is strictly convex. Conversely, if I is compact
and f is strictly convex and continuous then it is actually uniformly convex.

Proof: i). This assertion can be shown using elementary calculations.

ii). This follows from [2, Thm. 8 and 10].

ii1). If (59) holds then we have already seen that f is convex. Consequently, if f was not strictly
convex we would have (57). However, by i) we could then assume ag = 3 which would give a
contradiction.

iv) The first assertion follows from iii) and the second assertion is trivial. |
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Our next aim is to investigate the modulus of convexity. Although this concept, in an equivalent
formulation, has already been introduced in 1966 (see [22], [16]) almost nothing that is useful for
us, seems to be known (see however [5, 34] and the references therein for some general information
on the modulus). Therefore, we present the following two lemmas which provide some ways to
simplify the computation of d¢(e):

Lemma A.2 Let ) # I C R be an interval and f : I — R be strictly convex. Then we have

0f(2e) = inf{f(w —¢) _g fate) f(z) : x satisfies x—e € I and x+¢ € I} ) e>0.

Proof: For fixed 1 € I we define hy, : I — [0,00) by hy, (x2) := f(xl);f(‘m) — f(BF2), ap € 1.
The fundamental theorem of calculus for Lebesgue integrals then shows that the derivative h;l (z2)
exists for almost all z2, and an easy calculation shows hl, (x2) = @ — 3 f/(2422) for such zo.
Furthermore, since f is strictly convex and h;, has a unique minimum at 1, we obtain h/, (z2) <0
if z9 < 21, and hfm (x2) > 0 if 23 > 1. The fundamental theorem of calculus for Lebesgue integrals
then shows that h,, is strictly decreasing on (—oo,x1) N I, and strictly increasing on (z1,00) N 1,
and thus we have

dr(2) = min{ inf  hg, (z1 —2¢), inf hg (21 + 25)} = inf Ihxl_g(arl +e),

z1 €l z1€l T1te€
x1—2e€l r14+2e€l x1—e€l
where in the last step we used hy, —-(x1 +¢) = hg 4e(z1 — €). [ ]

With the help of the following lemma we can often estimate the modulus of convexity.

Lemma A.3 Let I C R be a symmetric interval, i.e. x € I implies —x € I. Then for all strictly
convez, symmetric f: 1 — [0,00) and all € > 0 we have

— T+e
x+e€l xte€l r

Furthermore, if I =R, then for all x > 12¢ we have

26¢(2¢)2?
flo) > =L
€
Proof: The first equation follows from Lemma A.2 and the symmetry assumptions. Furthermore,
by the fundamental theorem of calculus for Lebesgue integrals we obtain

xr+e

fa+e) + flo—e) = 2f(x) + / (F'(t) — 1'(t — &), (60)

T

and hence the second equation follows. Finally, in order to show the last assertion we first observe
that f has a minimum at 0, and hence we have f/(t) > 0 for all ¢ > 0 where the derivative exists.
We write b := 26¢(2¢), and z, := 2en for n > 1. These definitions together with (60) yield real
numbers t,, € [z, T, + €], n > 1, that satisfy

Tn+e
b S/ (f'(t) = fl(t—e))dt < e(f'(tn) — f'(tn —2)),
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i.e. we obtain f’(t,) > f’(tn—€)+g for all n > 1. Furthermore we have t,, —e > x, —¢ = xp_1+¢€ >
tn—1 and hence f'(t, —e) > f'(tn—1), n > 2. By induction we thus find f'(¢,+1) > f/(t1) + b?" > b?"
for all n > 1. Now let ¢ > 6e such that f’(t) exists. Then there is an n > 3 with 2en <t < 2e(n+1),
and hence we get
b(n —2 b(x — 6e
f/(t) Z f/(tnfl) 2 ( ) > ( 262 ) .

Consequently, for x > 12¢ the fundamental theorem of calculus for Lebesgue integrals gives

x b [* b(x — 6¢)® _ ba?
= f(6e "t)dt > — [ (t—6e)dt = ——F—— > —-.

fa) = 16+ [ pode= gy [ snar =" S 0
|
Example A.4 We write I := [-B, B], and for 0 < p < 2 we define ¢ : I — [0,00] by 9(t) := |t|P, ¢t € I.

Then for all ¢ € [0, B] we have
pi(p — I)Bp_2e2 < Gy(2e) < _ P _pr22
- T 20p—1)?

To see this let ¢ € [0,1] and a € (0,1). Then we have (1 —0)% =1—a0 and —a(1 —t)*~! < —a, and thus we
obtain (1 —¢)* < 1—at by the fundamental theorem of calculus. For s := 1/t we hence find (1—1)2 <1-¢
which is equivalent to (s —1)¢ < s* —as®~!. Since in addition s~ ! < (s —1)%~! implies 5% — 54! < (s — 1)@
we have

as® 1 <5 — (s — 1) < 527! (61)

for all 0 < @ < 1 and all s > 1. Now an easy calculation shows

=l —(t—e)P7l ift>e
"t)—yY'(t—e) = -
Vi) = v J=p Pl (e—t)p7t ifo<t<e.
Furthermore, for s := £ > 1 we have ¢/(t) — ¢/(t — ) = &P~ (s*~! — (s — 1)P7!), and thus our preliminary
considerations give

(p—1D)etP™? = (p—1)eP 1P 2 </ (t) — ' (t — ) <P 1P 2 = ctP™2,
From this we can easily prove the assertion using basic calculations.

Example A.5 We write I := [—B, B] and define ¢ : I — [0,00] by ¢(¢) := —1n %, t € I. Then for all
¢ € [0, B] we have
e —1, eB e’ ef—1, eB4e’*

1 < 2e) < 1 .
2es neB—i—eE < 0y(2e) < e neB—i—eE

Indeed, an easy calculation shows ¢/ (t) = Z:: for all t € I, and hence we obtain

t—1 el —ef 2et(ef — 1)
() - (t—c) = = - =
YO === G~ T e T @r @t o)

for all ¢t € [0, B], € € [0, B]. Consequently we have

ef —1 e —1
- <) =Y (- < 2——
G S VD) —W(—e) < 25—

for all t € [0, B], € € [0, B]. Furthermore, for € > 0 an easy calculation gives

x+e e __ 1 B £ __ 1 g __ 1
inf / etidt = / - dt = = (t —In(e' + es))
z€l0,B—¢] J, el +ef B_e €t +€f es

From this we easily find the assertion.

B
ef—1. eB e
ec et + e®

t=B—¢

47



The following two lemmas establish important properties of the Fenchel-Legendre bi-conjugate
operation **. We begin with

Lemma A.6 Let B > 0 and ¢ : [0, B] — [0,00) be a monotone increasing function with §(0) = 0
and §(g) > 0 for all e € (0, B]. Then for all ¢ € (0, B] we have

() > 0.

Proof: Let us assume that there exists an 0 < ¢ < B with ¢**(¢) = 0. Then we have (¢,0) €
Epio** = coEpid, and hence there exists a sequence (&, yn) € coEpid with &, — ¢ and y, — 0.
Furthermore, we have coEpid C R?, and hence Carathéodory’s theorem (see e.g. [23][p. 55])
guarantees that for all n > 1 there exist €,1,6n2,6n3 € [0,B], Yn1,Yn2,Yn3z € [0,00), and
Qn. 1,02, 0n 3 € [0,1] with

En = Qp1€n,1 t Qp2En2 + Qn3En3,
Yn = Qp1Yn,1 + On2Yn2 + Qn3Yn3,
1 = On1+ap2+an3,
Yni = 5(511,1'), 1=1,...,3.

In addition we may assume €, 1 < €,2 < €,,3 without loss of generality. Since this yields e, =
Qn1En,1 + Qn2En2 + An3en3 < €3 We find yn 3 > 6(en,3) > d(epn) > 6(5) > 0 for large n. Recalling
yn — 0 we thus obtain ay, 3 — 0 which implies both a1 + ap2 — 1 and oy 1601 + Qi 26n2 — €.
However, the latter convergence gives § < an 16n,1 + an26n2 < (Qn1 + an2)en2 for large n, and
hence we have 2 > § for large n. Again this shows yn2 > d(en2) > d(5) > 0 for large n, and
thus we find o, 2 — 0. Obviously, this yields both a1 — 1 and o, 16,,1 — €, and hence we obtain
en,1 > § for large n. Finally, this gives yn,1 > d(en,1) > 6(5) > 0 for large n and therefore we find
ap,1 — 0 which contradicts the already found convergence a1 — 1. |

Lemma A.7 Let B >0, and § : [0, B] — [0,00) be a continuous function with §(0) = 0. We define
5 : [0, B] — [0,00) by &(¢) := infus.8(e), € € [0, B]. Then 6 is monotonously increasing, and for
all € € [0, B] we have

5 (e) = 6™ (e).

In addition, if 5(¢) > 0 for all € € (0, B, then d(¢) > 0 for all € € (0, B].

Proof: The first assertion is trivial and the third assertion directly follows from the continuity of
6. Therefore, it remains to show )
coEpid = coEpid (62)

since this equation immediately yields 8** = §**. To establish (62) we first observe that d(g) < d(¢)
for all € € [0, B] and hence we have coEpid C co Epi 5. To prove the converse inclusion observe that
it suffices to show (e,0(g)) € coEpid for all € € [0, B]. Furthermore, we have 6(0) = 0 = §(0) and
5(B) = §(B) and hence we can restrict our considerations to pairs (g, d(¢)) for e € (0, B). Therefore
let us fix an € € (0, B). By the definition of § we then find an e, € [e, B] with d(sy) = 4(e).
Furthermore, we have §(0) < §(g) < 6(¢) and hence the intermediate value theorem applied to the
continuous function & gives us an e_ € [0, ] with §(s_) = 6(¢). Now, there exists an a € [0, 1] with
e = aey + (1 — a)e_ and since our previous considerations showed

5(e) = ad(e) + (1 —a)d(e) = ad(er) + (1 — a)d(e_)

we obtain (g,d(¢)) € coEpid. [ |
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